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Outline

Joint work with
m Raytcho Lazarov, Joseph Pasciak (TAMU)
m Buyang Li, Zhi Zhou (Hong Kong Poly U)
1 Preliminaries
2 Spatial semidiscrete scheme

3 Fully discrete schemes
Convolution quadrature
L1 scheme

4 Nonlinear problems
goal: robust numerical schemes for subdiff. via Laplace transform
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problem setting
consider the initial boundary value problem for time fractional
diffusion equation for u(x, t):
ofu—Au=f inQ, T>t>0,
u=0 onoQ, T>t>0,
u0)=v inQ.
m Q: bounded, convex polygonal domain in R?

m 07: Caputo fractional derivative of order o € (0, 1) birvashian 1960s,
Caputo 1967

t
e u(t) = ”11_00/0 (t— s)“u(s)ds

m application: mathematical modeling of subdiffusion process,
e.g., thermal diffusion in fractal domains, column experiments
m continuous time random walk = pdf. satisfies (x) (in RY)
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diffusion of protein molecules in plasma membrane in live cells (A. Kusumi et al, 2005)

experimental trajectories (0.025 ms/frame)

simulation (100nm)
Fluorescent-molecule video imaging shows that the molecule spends relatively long

times trapped between nanometre-sized compartments. ©: Kiafter-Sokolov, 2005, Phys. Today

‘<X2>o<ta,a<1
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Caputo fractional derivative

t
oru(t) = r(11—a)/0 (t — 8)~*u/(s)ds

Laplace transform relation

Llofu)(z) = /OQO e~ Aot u(t)dt = z°0(z) — z° 'u(0)

= allows specifying initial condition as usual ....
Riemann-Liouville fractional derivative

t
Ha,au(t):% l_(11_a)/0(t—s)“u(s)ds

Riemann-Liouville fractional integral 0/,‘ -
Laplace transform relation
LAz u)(z) = 2*0(2) — (of~“u)(0)

— raniiirace intanral hina initial ~AanAitinn |
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regularity issue: the initial value problem with o € (0,1):

Ou+u=0, u0)=1

Laplace transform
Z202)+b=2z"" = 0z = i
zo 41
inverse Laplace transform = the solution u(t) is given by

u(t)=L£"1

2= Bt

where Mittag-Leffler function 1903, 1905

Zk

Eop(2) = kZ:O F(ka + 5)

generalization of the exponential function
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Fort—0
u(t)=1-t/T(1+a)+ O(t?) and u'(t)~ O(t* )

Hence it fails to be C'[0, T] = limited smoothing property
a=1:u(t)= Ei1(-t)=ete C[0,1]
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Laplace transform (A = —A)

z2°0(2) + Al(z) = 2" 'v + #(2)
= O(z) =22+ A v+ (27 + A)H(2)

inverse Laplace transform

u(z) = F(t)yv+ /t E(t — s)f(s)ds,
0
with
1

1
E — Zt (S A —1
(1) = 5 /re (2 + A" dz

with contour Iy s C C (oriented with an increasing imaginary part)
Fos={zcC:|z|=0,]argz| <O}U{zcC:z=pet? p>}.
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solution + resolvent estimate

(z4+A) " <clz|”", VzeX,

solution regularity Sakamoto-Yamamoto 2011; McLean 2011
; s _ N\ )8 2
Hilbert space H®: [[V| s = 3221 A7 (V, ¢))

m f = 0, standard diffusion

1) u(t)]| g < ct=EHP=D/2) |y, 0< qg<p,£>0.

m f =0, fractional diffusion
1O u®) o < et =Dy
fort=0,g<pand0<p-—-qg<2andfor/=1,p<qg<p+2
limited spatial smoothing property: maximum two order !!!
cmvanss o
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Galerkin FEM

Let 7, be a regular partition of the domain Q into d-simplex

Xyn = {x € H} : xis alinear function over 7, ¥ € T5}
The semidiscrete Galerkin FEM: find up(t) € X s.t.
(Of'Un, x) + alun, x) = (f,x) Vx € Xh, t>0
with up(0) = vj, or
Ot up — Apup = Ppf with up(0) = vy

m a(u,w) = (Vu,Vw), u,w € H}

m v, € X}, is a suitable approximation to the initial data v
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solution representation

Un(2) = F(t)vi + /0 CEW(t— S)Puf(s)ds

with
R 1 Zt ,a—1/7 5« —1
Fr(t) == 5 r“e 297Nz 4+ Ap)~ldz
. 1 Zt ( o —1
En(t) == o rMe (z*+ Ap)" ' dz

error representation for f =0

1
un(t) ~ () = 5 - /r 12 [(2% + Ap) vy — (2% + A) " V]dz
0,6
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Forvel? zex) w=(z*+A)"'vand w, = (z® + Ap) PV,

1w — w2 + B[V (W — W)z < ch?||v]].2

forv e L2

le(t)z < C/ 2|1 (2% + An) v — (2% + A) V| 2]d2]

JTlg.s

< ch?||v|| 2t
for v e D(A)

le(t)]lz < c/ e |2|7|(2* + An) "' AnRivh — (2% + A) T AV 2|dz]

Fos
< chP||v| .
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Jin-Lazarov-Zhou SINUM 2013

(@) If ve H2 and v, = Ryv, then
lun(t) — u(t)lliz + hIIV (Un(t) — u(t))ll2 < ChP||V]| e

identical with the classical diffusion equation
(b) If v € L2 and v, = P,v, then for ¢, = | log h|

lu(t) = un(®)ll.z + AV (u(t) — un(®)lez < chPt||v]]2

different exponent: t—¢
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remarks

m similar results for lumped mass FEM/FVEM, but optimal
estimates for v € L? requires some restrictions on meshes
Jin-Lazarov-Zhou 2013, Mustapha et al 2016

m One may also derive error estimates for v € H9, g € (—1,0)

m similar results hold for inhomogeneous problems

Jin-Lazarov-Pasciak-Zhou 2015
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semidiscrete Galerkin FEM for v = x0.1/2].
t h 1/8 1716 1732 1/64 1/128 rate

0.005 | [? | 854e-3 2.13e-3 533e-4 1.33e-4 3.33e-5 | 2.01 (2.00
H™ | 267e-1 1.24e2 6.18e2 3.09e-2 1.54e2 | 1.01 (1.00
001 | [ | 651e-3 1.63e-3 4.06e-4 1.02e-4 254e-5 | 2.00 (2.00
H" | 1.84e-1 9.20e-2 4.60e2 2.30e2 1.15e-2 | 1.00(
(

(

1 [2 | 8.00e-4 2.00e-4 5.00e-5 1.25e-5 3.13e-6 | 2.00
H' | 2.05e-2 1.03e-2 5.13e-3 2.56e-3 1.28e-3 | 1.00

)
)
)
1.00)
2.00)
1.00)

m The estimate is robust for small t and nonsmooth data.

m the error increases as t — 0, with the correct exponent
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Time stepping schemes: challenges in fully discrete schemes
m history mechanism: storage issue

Ford, Lubich, Banjai, McLean, Hesthaven, Jiang, ...

m limited smoothing property — lack of robustness
two popular schemes

m convolution quadrature Lubich NM 1986 ...

m L1 scheme Lin-xu JcP 2007, sun-wu ANM 2006

m many other approaches, including spectral type methods ...
Focus: uniform grid on [0, T] with+=T/N, t,=nr,n=0,...,N
nonuniform mesh is much more challenging
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convolution quadrature for the Riemann-Liouville derivative #9g

Rgo (t)—d/t“’_a (t - s)ds
AT 4t fy T —a)?

t
d ( ! /ezsz““dz) o(t — s)ds
-

:Et 0 27T1
1 —1 d ! ZS
=— [ Z2¢7'— e t—s)dsdz
27ri/r dt/o w(t—s)
N—————
=y(t)

y(t) solves
y'=zy+¢ with y(0)=0.
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linear multistep method for the ODE with characteristic functions

o) =ak +...+a and p(€) = bet + ...+ by

i.e.,, givenforn>0

k k
> aynij k=7 bi(2Ynrj-k + Pnti-k)
j=0 j=0
with startingvalues y_x=...=y_1=0and p_x=...=¢p_1 =0.

multiplying the scheme by ¢” and summing over n from 0 to co
(206 + ... + @)y () = T(bot" + ... + bi)(2¥(€) + (€)),

with the generating series

Y = yat" and (&)= pns"
n=0 n=0
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rearranging the terms gives
7O = (150 - 2 Fe). witho(6) = 2=
Y'(€) = (r718())y(€) = (7 18())(rT5(¢) — 2)7"
substituting back
1 o)) (1) — 2) T @(€)dz = (77 16(€) @ (€)

2mi Jr

= Cauchy integral formula: the nth coefficient is given by

¢()

Rogo(tn) ~ chp =%

with quadrature weights {w;}?<, given by

3l = (O
¢ 19/46
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approximate R9g o (t,) by

Rogo(ty) = Zw/go —jr) == 0%p(ty),n >0
where the quadrature weights {w,-}/-oio are determined by
TS = (ra(e)”
j=0

0(&): the characteristic polynomial of linear multistep methods
Ex (backward Euler) 6(§) =1 -¢

1-om= Z%’ wj = (—yele 1)~j-!(a—j+ 1)

Grunwald-Letnikov formula 167,68
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relation between (regularized) Caputo and Riemann-Liouville
fractional derivatives (0 < o < 1)

(1) = 82 (1) — 0(0)) = o7 (o(1) — £(0))

spatial semidiscrete scheme

Haf‘(uh — Vh)(t) — Ahuh = th
fully discrete scheme reads: find Uj € X} s.t.

5'?(Ulr77 — V) = ApUp + Prf(ty), with U,O, = V.
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Jin-Lazarov-Zhou SISC 2016

For the BE, v € H9, g € [0,2], U? = P,v and f = 0, there holds

u(ty) — Ul 2 < e(rte927 " 4 Rt 4=92) )|
H

m proof by discrete Laplace transform Lubich-Sioan-Thomee 1996
m for fixed t, > 0, the rate is O(7) and O(h?) in L?(Q)
®m no condition on u directly, but on v

m the error deteriorates for f, — 0 (cf. regularity) = low uniform
rate !!
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m BDFk, k > 2, requires initial correction, for O(7¥) rate
BDF2: the scheme is only O(7) if ¢(0) # 0

How to recover O(72) rate ?
splitting f, = fo o + f, With o = f,(0) and f, = f, — fu o

Uh(t) = Vh — ((9;1 + Ah)_1Ath + ((‘){’ + Ah)_1 (fh,O + ?h)
= Vi — (0F + An) 1007 AV + (05 + An) (810 Hno + Tn).

Now with 92 BDF2 CQ
UP = vy — (8% + An) 1970, Apvi + (8% + Ap) "1 (8:0; oo + ).

Cuesta-Lubich-Palencia 2006
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9.07'1=(0,3/2,1,...):=1,

(8% + Ap)(UP — vi) = =1, ApVi + 1 fn0 + To.
corrected BDF2 CQ scheme: find Uj s.t.
I2U} + ApUj + SAUD = 02U + Fl + S FP,
IOUR+ AUl =0°UR +F, n=2,....N.

Jin-Lazarov-Zhou SISC 2016

For the BDF2, v € H9, g € [0,2], U° = P,v and f = 0, there holds

lu(ts) — URlle < e(r2159272 + PPy 2099y,

without correction, it is only O(7)!
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(@) Q=(0,1)2,and v = xy(1 — x)(1 — y) € H?;
(b) Q=(0,1)% and v = x(0.1/21x(0.1) € H'/2¢ with € € (0,1/2)

The L2 error for t = 0.1, a = 0.5, and h = 29,

N | method 5 10 20 40 80 rate

@ BE 7.006-3 3.34e3 1.63e3 8.05e-4 4.00e-4 | 1.00 (1.00)
BDF2 | 2.00e-3 4.20e-4 9.79e-5 2.42e-5 6.54e-6 | 1.98 (2.00)

) BE 4393 2.09e-3 1.02e3 b5.05e4 251e4 | 1.01 (1.00)
BDF2 | 1.25¢-3 2.64e-4 6.13e-5 1.49e-5 3.79¢-6 | 2.05 (2.00)
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correction type schemes
m Jin-Li-Zhou 2017 high-order BDF schemes
m Jin-Li-Zhou 2018 Crank-Nicolson scheme (two-step correction)
m Wang et al 2020 Crank-Nicolson scheme (single step correction)
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L1 scheme approximates 95 u(f,) by Lin-xu 2007, sun-wu 2006, Stynes 2021

1

o 1 & [ ou(s) —a
IFu(t) = F ]ZO:/ o (=) "ds
n—1 t
~ tl+1 —u t/ //+1 —a
Nr(1_a Z | (t, — s)~“ds
—0 7

=71 %[bou(tn) — bru(lo) + Z(bj = bj—1)u(ty-)]
j=1

where the weights b; are given by

b=((+1)">—j""/r2-a), j=01,....n—1.
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fully discrete scheme: find Uy forn=1,2,...,N
n .
(bo! — 7 Dp)Up = bpUp + > (b1 — b)Uy ™ + 7 F]
j=1
with U = v, and F}! = Puf(t,)

m ue C¥[0, T], H3(Q)) = O(72~“) rate Linxu 2007, Sun-Wu 2006

m if the assumption fails = NO O(72~2) rate
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Jin-Lazarov-Zhou IMAJNA 2016
For the L1 scheme, there hold

(@) If ve A2 and v, € Ryv, then
1UR — un(t)llz < erty ™" V] 4
(b) If v € L2 and v, = P,v, then

IUF — un(to) iz < ety V]2

m even for v € D(A): the rate is below O(72~2)
|UR = un(to)llez < o7ty ™" Vllge < er(nm)* [Vl e < or*|[v]|e

m The scheme can be corrected to O(72~%) order vanetal 2016
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|etWh:Uh—Vh, WﬂZUg—Vh
w, satisfies the problem (with A, = —Ay)

Of Wh + Apwp = —Apvh, wp(0) =0
Laplace transform =
Wh(z) = —z7 (2% + Ap) " Apvi.
representing the semidiscrete solution

1
t) = - ezl‘ —1 (,v/ A 71A d
wh(1) 5 - z7'(z1+ Ap) hVrdZ

with Ty s ={z€ C:|z| =6, |arg(z)| <Ot U{z € C:z=pet? p> 4}
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fully discrete problem
LY(Wp) + ApWE = —Apvy,  with WP =0

multiplying by £" and summing from 1 to oo =

£

> LIE + AT = 1

n=1

the definition of the difference operator L

o e n—1
D LI(Wh)e" =773 (bo Wi +> (b~ by+) w,,”’) ¢
n=1

n=1 j=1

Ath.

[e%) n—1 o) n—1
=7y (Z b W,?/) g—ry (Z bj_1 W,?/) ¢
j=0

n=1 n=1 \ j=1

=1-1l.
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WP = 0 + the convolution rule

1= "0 bWy )em = 77 b(€) Wh(¢)
n=1 j=0

o0

=773 by W) = r=2¢b(&) Wih(€).

n=1 j=1

ST LI(Wa)E" = 7(1 — €)B(E) Wh(£).
n=1

32/46
nnnnnnnnnnn
>

INV3RSE
® PROBLEMS


http://www.cs.ucl.ac.uk/
http://www.cs.ucl.ac.uk

proper representation for 5(5):

!

polylogarithmic function Lip(Z2) Fiajolet 1999

Liy(2) = 7
=

the fully discrete solution VNVh(g)

-1

Wiy & (1-¢ .
Wh(€) = —5 my: <§7-ar(2 = a)Llaq(f) + Ah> AnVh.
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VNVh(g) is analytic at ¢ = 0 + Cauchy theorem =- for ¢ small enough

o1 1 (-9 . B
W= [, e (Gore e agie (O Ar) A

Upon changing variable £ = e~#" + contour deforming

1 T (1 _ e—ZT)Z ) 3 —1
wh—=_—__—— eztnq Li. _4(e~ 27 A A d
f o /FT F—— (e*ZTTar(2_a) la—1(e7°7) + h) hVhdZ

with

M={zelys: [3(2)| <n/7}
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m representing the semidiscrete solution

1 zt ,—1 —1
= —— I+ A A
Wh(t) I,/re’[5 ez (Z h) hVpdz

m representing fully discrete solution W/

ng _ _L eZIn Te— 24T (1 _ 6—27)2
27ri r-

—1
Li e )+ A
1—e 27 \e 77 (2704) o 1( ) h)

the polylogarithm function

oo

z
Liy(z) =

=
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idea of error analysis
m on g\, [e9K(2)| < c|z|“e‘°|z“ decay very fast as |z| — oo
m let x(2) = 7 1(1 - €7%7), (2) = (G=LiLia_1(e7):

_eZT

z~x(z) and z%~—"—1(27) ZE€T,
T

technical lemmas
For z € T, the following estimates hold
B |x(2)—2z| < c|z|>7 and ¢1|z| < |x(2)| < ¢22|, for some ¢y, ¢ > 0

—zT

u 1—e

o

¥(zr) - 2°| < ¢|zPPr°, for § € (v/2,5r/6)

m |(z7)| > ¢ > 0, for any 6 close to 7/2 and § < 7/21

1 —zT

m there exists 0y € (7/2,7) s.t.
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The only difference in the analysis of the two schemes is the kernel
m convolution quadrature: z* =~ (1 — e #7)* /7

m L1 scheme: z* ~ complex function involving Liy(Z2)
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numerical experiments: L1 scheme
(@) Q=(0,1),and v = sin(2rx) € H?
(b) Q=(0,1),and v = x~"/4 ¢ H'/4=< with ¢ € (0,1/4)

The [?-erroratt =0.1withh=2"13, 7 =1/N

t | N 20 40 80 160 320 rate

01 | (@ 7.1865 35565 1.77e5 8.82e-6 4.40e-6 | 1.01(1.00)
(b) 1.93e-4 957e-5 4.76e-5 2.38e-5 1.19e-5 | 1.00 (1.00)

05 | (a) 589e-4 288ed 143e-4 7.08eb5 3.52e-5 | 1.01(1.00)
(b) 1.73e-3 8.36e-4 4.09-4 2024 1.00e-4 | 1.02(1.00)

09 | (a 3.0563 1393 65364 3.12e4 1.50e-4 | 1.07 (1.00)
(b) 7.67e-3 3.79e-3 1.87e-3 9.23e-4 4.55e-4 | 1.02 (1.00)
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m nonlinear problem

d%u — Au=f(u) in Qx(0,T),
u=20 on 00 x (0, T),
u=up in Q x {0},
with up € H} (Q) N H?(Q) and |f(s) — f(t)| < L|s—t|forall s,t € R

m linearized time stepping scheme

52 (Uf — Ug) — At = Pof(U"),

Tools: regularity + maximal (P regularity + Gronwall’s inequality
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maximal LP-regularity

ofu(t)y=Au(t)+f Vvt>0, withu(0)=0,
The solution satisfies: for any 1 < p < oo Bazhiekova 2002, 2003
107 Ull o x) + AUl o ix) < CoxlIfllioreixy  VF € LP(RT: X)

What about the discrete analogues ?

Jin-Li-Zhou Numer. Math. 2018

The discrete analogue holds for CQ generated by BDF1, BDF2, L1 ...
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maximal ¢° regularity for L1 scheme uin-Li-zhou Numer. Math. 2016

Let X be a UMD space, 0 < a < 1, and let A be R-sectorial on X of
angle ax/2. Then the L1 scheme satisfies

102U ler ) + (AU A= ler ) < CoxCRIIFT) =1 llen )

where ¢, x is independent of N, 7 and A.

m representation of the scheme in Laplace domain

m discrete Fourier multiplier theorem of Blunck
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Gronwall’'s inequality for fractional differential inequalities

Fora € (0,1)and p € (1/a, o), if u € C([0, T]; X) satisfies
ofu € LP(0, T; X), u(0) =0 and

19F Ulle(o,s:x) < EllUlleo,s:x) + 0, VS €(O,T],
for k,0 > 0, then
lullcgo,mx) + 108 Ulle(o,s:x) < €0

where the constant c¢ is independent of o, u and X.
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discrete Gronwall’s inequality vin-Li-zhou siINUM 2018

Let X be a UMD space. If « € (0,1) and p € (1/a,0), and a
sequence v" € X satisfies

102V llerxy < BI(VAL Loy + 0, Y1 <m< N,
for k,0 > 0, then there exists a 7y > 0 s.t. for any 7 < 79 there holds

I(v™)h-s [l eoo(x) + (92 v™)N- ller(xy < cCo,

where ¢ and 7y are independent of o, 7, N and v".
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m linearized time stepping scheme

7 (up — up) — Dwup = Prf(up™ ),
B Up € HI(Q) N H?(Q) and |f(s) — f(t)| < L|s—t|forall s,t € R =

2,2
oI [u(t) — un(t)ll2(q) < clih

1<ma<x lun(ts) — uhH,_z <cr®

uniformly O(7%) rate

m Outlook: strongly nonlinear problems ?
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f=vi+u?,andv=x(1-x)y(1-y)

Numerical results: the spatial error es with T = 1.

o\M 5 10 20 40 80 rate
0.4 |6.89e-2 2.00e-2 5.34e-3 1.37e-3 3.31e-4|~ 2.01 (2.00)
0.6 |7.06e-2 2.05e-2 5.58e-3 1.42e-3 3.44e-4 |~ 2.01 (2.00)
0.8 |7.59e-2 2.18e-2 5.80e-3 1.48e-3 3.57e-4 |~ 2.01 (2.00)
Numerical results: the temporal error g; with T =1, N = k x 10%.
a | k 1 2 4 8 16 rate
0.4|BE|1.16e-3 8.88e-4 6.79e-4 5.19e-4 3.86e-4 |~ 0.39 (0.40)
L1]2.06e-3 1.59e-3 1.22e-3 9.34e-4 7.15e-4 |~ 0.38 (0.40)
0.6 | BE|1.79e-4 1.18e-4 7.75e-5 5.10e-5 3.36e-5|~ 0.60 (0.60)
L1 |3.05e-4 2.02e-4 1.33e-4 8.80e-5 5.81e-5|~ 0.60 (0.60)
0.8|BE|1.73e-5 9.87e-6 5.65e-6 3.24e-6 1.86e-6 |~ 0.80 (0.80)
L1]3.91e-5 2.24e-5 1.29e-5 7.38e-6 4.24e-6 |~ 0.80 (0.80)
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