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First works on local projection stabilisation

Becker, Braack, 2001
A finite element pressure gradient stabilization for the Stokes equations based on local projections

Becker, Braack, 2004
A two-level stabilization scheme for the Navier-Stokes equations

Braack, Burman, 2006
Local projection stabilization for the Oseen problem and its interpretation as a variational
multiscale method
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Convection-diffusion equations and weak formulation

convection-diffusion equation
—eAu+b-Vu+cu=f in Q,
u=0 on 0f2

bilinear form
a(u,v) :=e(Vu, Vv) + (b- Vu,v) + (cu,v)

weak formulation

Find u € V := Hg(Q) such that
a(u,v) = (f,v) YveV

unique solvability provided
c— %divbzco >0
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Discrete problem
{Tn}: family of shape-regular triangulations of domain €2
conforming finite element space Vi, C V on T, of order r in H'-norm

discrete problem (without stabilisation)

Find u, € V4 such that
a(un,vn) = (f,vn) Yo, € Vi

observation: unphyscial oscillations unless h is very small

idea: add stabilising term
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Local projection stabilisation
{M},}: family of shape-regular and non-overlapping macro decompositions of

on each macro M € M,
e finite dimensional space D(M)
e local L? projection mas : L?(M) — D(M)

e fluctuation operator kyw = w — Ty w

approximation property of ks
l5arqllonr < C hislglenr, g€ HY(M),0<e<r
ensured for P._1 (M) C D(M)
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Choice of M,

two-level approach: 7y, is refinement of M,,

barycentric refinement regular (red) refinement
one-level approach: M;, = Ty,
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Stabilised discrete problem

stabilisation term
sh(uh, vh) = Z (5M(I$M(b . Vuh), IiM(b . V’Uh))]M
MeMy,
with non-negative constants das, M € My, to be fixed later

stabilised bilinear form
an(u,v) = a(u,v) + s (w,v),  wvEV
stabilised discrete problem

Find u, € Vj, such that
an(un,vn) = (f,on) Yo, €V

choice dp; = 0 for all M € My, standard Galerkin discretisation
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Solvability and consistency

assumption
1 .
c— idlvbzco >0
normonV
1/2
1/2
ol == (elofi + collvlls + sn(v,0)) " = [ elvlf +collvlld + D> Oarllon(b- Vo)ll5,u
MeMy,

coercivity

an(v,v) > Jol?,  wveV
unique discrete solution uy, € Vj,
consistency error

an(u — un,vn) = sp(u,vp)
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Error analysis

interpolation operator i, : V' — V}, with usual error estimates
lg —inaleas < CRyF " llallrgre, M€ M, qe HH (M), £=0,1,

triangle inequality
v —unll < llu —inull + linw — unll

handling of discrete error wy, := ipu — up,
lwnll* = linw — unl® < an(inu — wn,inu — un)
= an(inu — u,wp) + an(u — un, wp)
= ap(inu — u,wp) + sp(u, wp)

estimate term by term
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Interpolation error

standard techniques provide

lw — inul® = elu — inul? + collu — inulld + > Snllear(b- V(u—inw))|3ar
MeMy,

<C Y (e+cohdy + dabis) hpllull?4a
MeMy,

using L? stability of ks

interesting case ¢ < Chyy: condition dar < Chyy for all M ensures
1/2

lu—dinull <C | 30 B Nulliiin | < CRT g
MeMy,
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Estimate of symmetric terms

diffusion term

1/2
|e(V(inu —un), Vun)| < C [ D ebiilullii llwn |l
MeM,,
reaction term
1/2
[(c(inu—u),wn)| <C | D iy 2 llull?is sl
MeM,,

stabilisation term
sn(ipu — u,wp) Z 6M K,M(b V(zhu—u)),/ﬁM(b-th))M

MeMy,
1/2
<c | D oubihiilluliiam lwall
MeM,,
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Estimate of consistency error

using approximation property of ks
sh(u, wh) = Z (51\{ (Ii]v[(b . Vu), KM(b . th))M

MeM;,
1/2 1/2
< E 5MHHA{(b'vu)H2 E (SMHHJM(I)‘VU]}L)HQ
- 0,M 0,M
MeMy,, MeM,,
1/2
<C Sahr|b - Vall?
< mhar|lb - Vully ar s ||
MeM,,
1/2
72 2r 2
<O > ombrhiillullPs lwn i
MeM,,
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Estimate of convective term

without integration by parts
|(b- V(inu = w),wn) | < [Ibllocine — ulsfwnllo < Ch"[lwnllo < Ch wn]]

integration by parts
(b V(inu—u),wn) = —(b- Vwn,inu —u) — ((inu — u) divb, wp)

last term
| = (inu —u) divb,wn) | < | divb]lcollinu — ullownllo < ChHlwnllo < Ch™ flwn]

first term
= )| < Iololonhs] | Ch™H|walollinu — ullo < Ch7 Jlwn|
— (b Vwn,ipu —u)| <||blloo|wnl|1]|inu — ullo < r+1
) C€1/2|'(Uh|15_1/2||ihu — ’LL”() S Cﬁ"hﬂhm

non-optimal estimate
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Key in analysis

assume existence of special interpolation operator j, with
e usual approximation properties

lw — jnwlear < CRY wllrsrar, M€ Mp, we H (M), £=0,1,

e additional orthogonality

(w_jhw7qh)M:O7 thD(M)7w6Hr+1(M)

conditions ensuring existence of j;, will be discussed soon
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Improved estimate of convective term

rewriting first term after integration by parts

(b-Vwmjhu—u): Z (b-Vwmjhu—u)M
MeM,,

Y (b Vwn —mu(b- Vn), juu —u),,
MeMy,

= Z (Iﬁu(b . th),jhu — ’U,)M
MeMy,

1/2 1/2

> oullre- vun)lf; ST St llgnu — ull3 a

MeMy, MeM,,

IN

1/2

Sl IS vy vl [ Y llwn I
MeMy,
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Choice of stabilisation parameters

collecting all estimates

1/2
lu—unl < C Z (8 + (co + C%/[)h?w + 5M(b?w + b?vj) + 5;41’1?%)}1%”“”3“,1%
MeMy,
optimal choice for §as
O ~ har
final estimate
1/2
lu—unll <O D (e +han)hiillull?sa,n
MeMy,
in interesting case e < Ch
= unll < CR™ 2 fullia
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On existence of special interpolation operator

sufficient conditions for existence of jj,
e interpolation operator i, with usual approximation properties

lw — ipwlen < CRYF wllrsr,e, M E My, we H (M), £=0,1,

e inf-sup condition

inf sup M26*>0, M e M,

anenn) vaey () 1V llo,aellgnllo,ns

where Y (M) := Yy |a N Hg (M) is the local bubble part of Y3, on M
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Two-level approach on barycentrically refined simplices

spaces
o Vi,:={ve H'(Q) : v|x € P.(K), K € T}
e D(M) :=P._1(M)

fulfil inf-sup condition

constructive proof of inf-sup condition

M., Skrzypacz, Tobiska, 2007

works also for tetrahedra
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Two-level approach on regularly refined triangles

spaces
o Vi,:={ve H'(Q) : v|x € P.(K), K € T}
e D(M) :=P._1(M)

fulfil inf-sup condition

technical proof of inf-sup condition

M., Tobiska, 2012

general case for regularly refined tetrahedra still open
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One-level approach on quadrilaterals and hexahedra
choice: My =Th

space on reference cell K = (—1,1)¢
QLuPhle — (K ) @span(bal ', i=1,...,d}
with lowest order bubble function b € Q2(K ) N H (IA()

mapped spaces
Vii={ve H'(Q) : vk o Fx € Q¥ K € T}
D(K) := {q|x o Fx € Pr_1(K)}
fulfil inf-sup condition

constructive proof of inf-sup condition

M., Skrzypacz, Tobiska, 2007
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Remarks

other choices of stabilising term

su(u,v) Z Om (kv Vu, K Vo) v
MeMy,

sp(u,v) Z S (Kar (bar - Vu), ks (bar - VU))
MeMy,

with a macro-wise constant approximation b,; of convection b: Knobloch, 2009

overlapping macros: Knobloch, 2010

local projection stabilisation related to subgrid modelling by Guermond
(fluctuations of gradient here vs. gradient of fluctations there)

LPS-norm is as strong as SUPG-norm: Knobloch, Tobiska, 2011
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Numerical example

problem with mixed boundary conditions M., Skrzypacz, Tobiska, 2008
—10""Au + ( 0 2) -Vu=f
14+
ou
3 =
u=1—-vy

parabolic layers alongz =0and z =1
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Numerical results

squares, one-level approach

Vi = Q]fubble, D(K) = P()(K), full gradient, 5M = 10hm

M., Skrzypacz, Tobiska, 2008
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Numerical results

squares, one-level approach M., Skrzypacz, Tobiska, 2008
Vi, = qubble, D(K) =P (K), full gradient, 5M = 10hm
only linear part shown

1.2 1
1 = 0.8
0.8 \ 0.6
206 \ >
04 ’co=1e—4 0.4 +10=1e+1
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Oseen equations

Oseen equations with homogeneous Dirichlet boundary condition
—vAu+ (b-Viut+ou+Vp=f in €,
divu =0 in Q,
u=0 on of2
physical quantities
e velocity u

e pressurep

assumptions on problem data
e given velocity field b: b € W">°(Q) and divb = 0
e viscosity v: 0 < v, usually: v < 1

e reaction coefficiento: 0 < o
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Weak formulation of Oseen equations
spaces: V := H ()4, Q == L3(Q)

bilinear form
A((u,p); (v,q)) == v(Vu, Vo) + ((b- V)u,v) + o(u,v) — (p,dive) + (¢, divu)

weak formulation

Find (u,p) € V' x @ such that
A((u,p); (v,9)) = (f,v)  V(v,9) €V xQ

unique solvability due to inf-sup condition for (V, Q)
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Discrete problem
{Tr}: family of shape-regular triangulations

conforming discrete spaces
e velocityV, CV
e pressure Qn C Q

discrete problem without any stabilisation

Find (uh,ph) € Vi X Qh such that
A((un,pn); (on,qn)) = (fyon)  Y(vn,qn) € Vi X Qn
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Drawbacks

e uniform discrete inf-sup condition

36> 0vh inf sup (AVUm ) o
4hE€QRn vy eV, llgnllo lvn|x

might be violated

e dominating convection

[o fundamental invariance property
f=f+Ve = (un,pn) = (un,pn + jn®)
might be violated]
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Stabilised discrete problem: equal-order case

equal-order discrete spaces based on scalar finite element space Y, ¢ H*(Q2) of order 7:
e velocity Vi, == YNV
e pressure Qp =Y, NQ

stabilised discrete problem

Find (uh,ph) € Vip X Qh such that
A((un, pn); (vny qn)) + Sk ((un, pn); (Vs qn)) = (f;0n) V(vn,qn) € Va X Qn

separate control on fluctuations of streamline derivative, divergence, and pressure gradient by
Sh((un,pn); (v, qn)) == Z [TM (kar((b- V)un), kar(b- Vo)),
MeMy,

+ pnr (HM(diVUh), HM(diVUh»M
+ an (HM (Vpn), kar (vqh))M]
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Stability
mesh dependent norm

(v, @)l := (v]ol} + ollvll? + allalld + Su((v.q), (v,0))) "2,

with Friedrichs' constant Cr
assumption on stabilisation parameters

h2
max (TM,MM—M) <C
MeMy, QN

There exists a constant § > 0 independent of v and h such that

1
*Z:V+UC}27‘+
o

(A + Sk)((vn, gn); (wn, T8))

202.C%
v+oC%

> B

inf sup

nsan)EVAXQn (wyy,r)eViex@n N (Whs @) I (wn, o)l
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Consistency and error estimate

assumptions
o Ta ~ har, pens ~ hae, anr ~ hag

e b macro-wise smooth

weak consistency
[(A+Sk)((w—un,p—pn); (Wn,rn))|=|Sn ((w, p); (wn,rn))|
1/2

<C >0 B (lulFena +lplEa) | Bwn,ra)ll
MeMyp

error estimate
1/2 1/2 T
I = wn,p = p)ll < C (% + RY2)RT (ull g + [Iplls1)

M., Skrzypacz, Tobiska, 2007
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Stabilised discrete problem: inf-sup stable case

finite element spaces
e velocity V, C V: elements of order r
e pressure @, C Q: elements of order r — 1

fulfilling the uniform discrete inf-sup condition

stabilised discrete problem

Find (uh,ph) eV, x Qh such that
A ((un,pn); (vny qn)) = (f;0n)  Y(vnsqn) € Vi X Qn
with
An((un,pr); (vn, qn)) = A((un, pr); (vn, qn)) + Sn(un, vn)
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Stabilisation term

version a: separate control on fluctuations of derivative in streamline direction and divergence
Sh(u,v) := Z (T]u(l{}\/[(bM W), khr (bar - V)0)ar + par (K3 div, k34 diV’U)M)
MeMy,
with by as piecewise constant approximation of b
version b: control on fluctuations of the gradient

Sh(u,0) = > (K Vu, K3 Vo)u
MeMy,

oneach M € M;:
e finite dimensional spaces D1(M), D2(M), D3(M)
e local L? projections i, : L*(M) — D;(M),i=1,2,3
e fluctuation operators s, w := w — wi;w, i = 1,2,3
approximation property of k%, i = 1,2, 3:

larallonr < Chielalenr, g€ HY(M),0<€<s;
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Stability

mesh dependent norm
2 2 2 1/2 1. 2 202.CH
(v, @)l == (v[v]i + allv]ls + allgllc + Sa(v,v)) ", > -=V+UCF+m

with Friedrichs' constant Cg

assumption on stabilisation parameters

ce ct
— max yu < —
«

b2 d) <
(Tar]16]10,00,01 + pard) < amax o

max
MeMy,
There exists a constant § > 0 independent of v and h such that

A .
inf sup n((vn, qn); (wn, 7)) >3
(0ha1)EV X Qn (wy eV x@n (Wns @) Il (wn, 1)l

M., Tobiska, 2015
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Consistency

weak consisteny
| An((w = un,p — pn); (wn, ra)| = [Sn(u, wn)]

1/2
S (wwn)| <C | D Tar [1bl18 0o,nr AR el 1,00 I (wn, )l
MeMy,
1/2
1Sh(uw,wn)| <C D a3 lullas 1 Il (wn, )l
MeMy,
optimal order O(h") for 7as < hiyfsl) and vam < hi}””)
M., Tobiska, 2015
Local Projection Stabilisati
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Key in analysis for S}
orthogonality (¢ — inq, on ) = 0 for all ¢, € D2 (M)

usage: estimate of velocity-pressure coupling for stabilising term S}

|(p — inp, divwn)a| = |(p — inp, divws, — 73 divewn)ar| = |(p — inp, Kir divws) a|
1/2
. . R3% 2
= |(p—inpdivun)| <C [ > IpIl7, s I (wn, )l
MeMy,

orthogonality satisfied for

o Dy (M) = {0}
o Dy(M) C (Qn+ span(l))|M (for discontinuous pressure)
e Dy(M) C(Qn+ span(l))]M N H (M) (for continuous pressure)

(bubble part of local pressure space)
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Numerical results
prescribed solution of problem on (0, 1) with v = 10~%, convection field b = u, 0 = 1
) = (o)) play) = 2eos(a) sint) — o € L3(2)

cos(z) cos(y)

coarsest meshes

one-level approach: M;, = T,

TECHNISCHE Local Projection Stabilisation ) ‘ o,
@ UNIVERSITAT Institut fir Numerische Mathematik / Gunar Matthies 38/43 DRESDEN ))
DRESDEN Irish Numerical Analysis Forum, 25 March 2021 coneet Sl



Taylor-Hood family

simplices: Vj, = P,, Qn, = Pr—1, 7 > 2
Di(K) = P._1(K), s <r, e ST,
DQ(K):Pt_l(K),tST—d—L /J,KNl

quadrilaterals/hexahedra: Vi, = Qr, Qn = Qr—1, 17 > 2
Dl(K):stl(K)mSST» TKShi{(Tfs)7

DQ(K):Qtfl(K), tS?“*Z MKNl

convergence order: O(h")
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Taylor-Hood element P;/ P, on triangles

TECHNISCHE
UNIVERSITAT
DEN

3 d—o s<3 = Di(K)CPy(K), 71k IShi?™
r = s =
t<0 — DQ(K)C{O}, ,U/KNl
streamline divergence convergence

s Di(K) 71 t DoK) ux error order

3 P(K) 1 0 {0} 1 791108 298

2 Pi(K) h%k 0 {0} 1 7.694-08 2.99

1 Py(K) hk 0 {0} 1 7.690-08 3.00

o {0y a% 0o {0} 1 7.673-08 298

2 Py(K) 1 1 Py(K) 1 3.890-07 208

Local Projection Stabilisation
Institut fur Numerische Mathematik / Gunar Matthies
Irish Numerical Analysis Forum, 25 March 2021
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Discontinuous pressure

simplices: Vi, = P}, Qn = P25, r > 2
s<r, TK S h%TﬁS),

Di(K) = Ps1(K), s <
DQ(K):Ptfl(K)y tST‘, MKNl

quadrilaterals/hexahedra: Vi, = Q,, Qn = P, r > 2

DI(K) = P@—I(K)a S S Ty
Do(K) =Py (K), t<r, px~1

TH S hi{(v‘fs)’

convergence order: O(h")

411743 6)
((((( 4
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@ DRES

Element Q;/Pgisc

streamline divergence convergence
s Di(K) 71 t DoK) ux error order
3 Py(K) 1 3 Py(K) 1 8.696-08  3.00
2 P(K) h% 2 P(K) 1 9.252-08 3.00
1 Py(K) 7 Py(K) 1 9.202-08 3.00
o {o} n% o0 {0} 1 9.202-08 3.00
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Summary

local projection stabilisation works for
e convection-diffusion equations

e Stokes, Oseen, Navier-Stokes equations
equal-order case
inf-sup stable discretisations
LPS-norm as strong as SUPG/PSPG-like norms (Knobloch, Tobiska, 2015)

open questions
e precise choice of parameters for different problems

e two-level version of regularly refined tetrahedra
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