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Part I: Parameter-dependent Elliptic PDEs
> Stochastic Galerkin Approximation: The Basics

> Error Estimation Strategy
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Part I: Parameter-dependent Elliptic PDEs
> Stochastic Galerkin Approximation: The Basics

> Error Estimation Strategy

Part Il: Parameter-dependent Elasticity Problems

Collaborators: Arbaz Khan (IIT Roorkee), David Silvester (Manchester)

> Stochastic Galerkin Mixed FEM

> Error Estimation & Adaptivity
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Forward UQ: PDEs + Uncertain Inputs

Aim: Propagate uncertainty from model inputs to outputs

=V (a(x, y)Vu(x,y)) = f(x).

> Represent uncertain inputs as random variables/parameters y.

> Approximate Qols related to the solution of the model.
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Forward UQ: PDEs + Uncertain Inputs

Aim: Propagate uncertainty from model inputs to outputs

=V (a(x, y)Vu(x,y)) = f(x).

> Represent uncertain inputs as random variables/parameters y.

> Approximate Qols related to the solution of the model.

Common methods for forward UQ:

O Monte Carlo methods

O Stochastic Galerkin — not a sampling method!
O Stochastic collocation

a...
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(Stochastic) Galerkin Approximation

> Parametric PDE: Find v: D x I — R such that

=V - (a(x,y)Vu(x,y)) = f(x), xeDCRI, yel.
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(Stochastic) Galerkin Approximation

> Parametric PDE: Find v: D x I — R such that
=V - (a(x,y)Vu(x,y)) = f(x), xeDCRI, yel.
> Weak Problem: Find u € V satisfying
B(u,v) = £(v) Vv e V.
> Finite-dimensional Problem: Find v, € Vcv satisfying:
B(uga,v) = (v)  VveV.
> Linear System: Au =f

> Error: The error e := u — ug, € V satisfies:

B(e,v) = {(v) — B(ugar, v) VYveV.
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Exploiting Structure

> Stochastically linear inputs: Assume (in this talk):

o0

a(x’ Y) = ao(x) + Z am(X)ym

m=1

Ym = Em(w) are images of independent & bounded random variables.

> Tensor Product approximation spaces: V=X®P
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Exploiting Structure

> Stochastically linear inputs: Assume (in this talk):

o0

a(x’ Y) = ao(x) + Z am(X)ym

m=1

Ym = Em(w) are images of independent & bounded random variables.

> Tensor Product approximation spaces: V=XaP

For this simple test problem,
V= L3(T, Hy(D)) = Hs (D) @ L3(T)
where 7 is a probability measure, so we choose

X C Hy(D), P cLi(T).
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Useful as a ‘Surrogate’

Ul € V=X®QP

> X =span{¢;(x),i =1,...,nx} is a FEM space on D.

> P = span {¢a(y), @ € A} is a set of global polynomials on I and

/r¢a(Y)¢ﬁ(Y) dn(y)=0  when a#p.

> A is a set of multi-indices o with a finite no of non-zero entries.
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Useful as a ‘Surrogate’

Ul € V=X®QP

> X =span{¢;(x),i =1,...,nx} is a FEM space on D.

> P = span {¢a(y), @ € A} is a set of global polynomials on I and

/r¢a(Y)¢ﬁ(Y) dn(y)=0  when a#p.

> A is a set of multi-indices o with a finite no of non-zero entries.

Solving Au = f gives coefficients v o such that

ugal(x,y) = Y ( - u,-,aqb;(X)) baly) =Y ta(x)taly).

acl ach

i=
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Example: —V - (aVu) = f + zero BCs

Selected solution modes v, (x) for a test problem with D = [—1, 1]°.

(1000000) (0100000) (0010000)

MEAN VARIANCE 10

‘
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Error Estimation | (An Old Idea)

Starting Point: The true error e 1= u — U € V satisfies:

B(e,v) = F(v) — B(ugal, v) YveV.
—_————

residual R(v)
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Error Estimation | (An Old Idea)
Starting Point: The true error e 1= u — U € V satisfies:

B(e,v) = F(v) — B(ugal, v) YveV.
—_————

residual R(v)

Find Galerkin approximation e* € V* where
Vi=Va View-
To reduce costs, we approximate e* by €,,pr0x € View satisfying
Bo(eapprox; v) = R(v) Vv € View,
where By(-,-) &~ B(-,-) and define 1 := ||€approx|| -
One can then prove two-sided bounds:

Gn < |lu— ugllg < G
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Error Estimation |l

Here, a natural choice is the ‘mean part’ of B(:,-):

Bo(u,v) = /F/Dao(x)Vu(x,y)-Vv(x,y) dxdm(y).
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Here, a natural choice is the ‘mean part’ of B(:,-):

Bo(u,v) = /F/Dao(x)Vu(x,y)-Vv(x,y) dxdm(y).

Choose Y (FEM space), Q (polynomials in subset of y,,) with
Xny={0}, Pno={0}

and define View = (Y2 P)@ (X ® Q)
N—_—— N——
Vyp Vxo
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Error Estimation |l

Here, a natural choice is the ‘mean part’ of B(:,-):

Bo(u,v) = /F/Dao(x)Vu(x,y)-Vv(x,y) dxdm(y).

Choose Y (FEM space), Q (polynomials in subset of y,,) with

Xny={0}, Pno=1{0}

and define View = (Y2 P)@ (X ® Q)
N—_—— N——
Vyp Vxo

With these choices eypprox = ey + exgo Where:

Q eyp € Vyp satisfies Bo(EYP, V) = R(V) Vv e Vyp,
Q exo € VXQ satisfies Bo(eXQ7 V) = R(V) Vve VXQ.
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Error Estimation |l

Here, a natural choice is the ‘mean part’ of B(:,-):

Bo(u,v) = /F/Dao(x)Vu(x,y)-Vv(x,y) dxdm(y).

Choose Y (FEM space), Q (polynomials in subset of y,,) with

Xny={0}, Pnao={0}

and define View = (Y2 P)@ (X ® Q)
N—_—— N——
Vyp Vxo

With these choices eypprox = ey + exgo Where:

Q eyp € Vyp satisfies Bo(EYP, V) = R(V) Vv e Vyp,
Q exo € VXQ satisfies Bo(eXQ7 V) = R(V) Vve VXQ.

Problem 1 can be broken up using ‘element residual technique’.
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Error Estimation IlI

1/2
1= |leapproxlle = (levellz, + llexalld,)

lleyr||g, and ||exol| B, are estimators for the error reduction that would be
achieved by computing one of two new approximations:
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Error Estimation IlI

1/2
1= |leapproxlle = (levellz, + llexalld,)

lleyr||g, and ||exol| B, are estimators for the error reduction that would be
achieved by computing one of two new approximations:

Q Unew € (X DY) ® P (spatial refinement)

G lleyrllg, < |ltunew — Ugallle < Gsllevp| s,

Q Unew € X ® (P 4 Q) (parametric enrichment)

CillexollB, < [ltnew — UgalllB < Ca |lexall s

> This is the starting point for adaptivity ...
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Questions?

References:

> S-IFISS (MATLAB Toolbox):

http : //www.manchester.ac.uk/ifiss/sifiss.html

> Efficient adaptive multilevel stochastic Galerkin approximation using implicit a
posteriori error estimation. A. Crowder, C.E. Powell, SISC, 41(3), 20109.

> Energy norm a posteriori error estimation for parametric operator equations,
A. Bespalov, C.E. Powell, D. Silvester, SISC. 36(2), 2014.

Catherine E. Powell 11 /33



Linear Elasticity (Herrmann Formulation)

Findu: D — R? and p: D — R such that
-V .o (x) =f(x)
1
Vou(x)+ £p(x) =0
(+ boundary conditions), where
o :=2ue(u) —pl, €(u):=(Vu+(Vu)")/2

and the Lamé coefficients are:

E(x)v
1+v)(1-2v)

u(x) = Ax) =

Incompressible Case: As the Poisson ratio v — 1/2, then A\ — cc.
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Parameter-Dependent Young's Modulus

oo
E(x,y) := ep(x +Zem X) Ym, xeD,yerl.
m=1

Parametric PDE: Findu: D x T — R? and p: D x I — R such that
V.o (xy)=f(x)
Vou(xy) + %p(w) =0
(+ boundary conditions), where now the Lamé coefficients are:

_ E(xy) _ E(xy)v
w(x,y) = 20 +0) (x,y)_m_
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Stochastically Linear Three-field Formulation

Issue: When the inputs depend on the parameters y,, in a non-linear way,
the SGFEM system matrix is block dense.

Catherine E. Powell 14 / 33



Stochastically Linear Three-field Formulation

Issue: When the inputs depend on the parameters y,, in a non-linear way,
the SGFEM system matrix is block dense.

Introducing the ‘modified pressure’

S A
p= EP =T F V-u
——
=X
gives a parametric three-field formulation:
—V.o=f
V-u+ s 0
:\P
1 E
=P — TN = 0
)\p )\p

in which E but not E~! appears.
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Assumptions, Function Spaces etc.

E(x,y) := eo(x —|—Zem X) Ym, xeD, yel.
m=1

(stochastically linear) with standard assumptions
> 0 < Enin < E(X,y) < Epax <00 ae. inD xT.

> 0< el <ey(x) < el <oo ae. inD.

Weak formulation requires the Bochner spaces:

V= 2(T,HY(D)), W :=L2(T,L%(D)).
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Weak Formulation

Find (u,p,p) € V x W x W such that

a(u,v) + b(v,p) = f(v) W eV,
b(u,q) —c(p,q) =0  Vqe W,

where
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Weak Formulation

Find (u,p,p) € V x W x W such that
a(u,v) + b(v,p) = f(v) W eV,
b(u,q) —c(p,q) =0  Vqe W,

where
a(u,v) := a/r/o E(x,y)€(u) : €(v) dxdn(y),
b(v, p) := —/r/DpV- v dxdr(y),
c(p,q)=\" /r /D pq dxdr(y),
d(p,q) = X_l/r/o E(x,y)pq dxdn(y),
and 1
o= ) (Note: A\™! —» 0asv — 1/2).
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Well-posedness & Stability

A unique solution (u, p,p) € V x W x W exists satisfying

1(u, . BN < (C/Emin) a2 |Ifll 120y
—_——

bounded as v — 1/2

where C depends on Epax and ||| - ||| is a weighted norm

I(u, p, B)IPP := e |[Vully + (™" + X Y)[pl5 + A IBIW
where

I llw =1 HLEr(r,(L?(D))dXd)v I llw =1 - ||L3T(r,L2(D))~
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Stochastic Galerkin Mixed FEM (SGMFEM)

> Vj, C Hy(D), W, C L3(D) (inf-sup stable FEM pair).

V-
sup 7fDq Y

= Bllallizy Yae W,
ovev, [|VV2(p) llalle2(p) A

Examples: Q>-Qy, P>-Py, ...
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sup 7fDq Y

= Bllallizy Yae W,
ovev, [|VV2(p) llalle2(p) A

Examples: Q>-Qy, P>-Py, ...
> Define P = span{¢(y), a € A} as before.
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Stochastic Galerkin Mixed FEM (SGMFEM)

> Vj, C Hy(D), W, C L3(D) (inf-sup stable FEM pair).

V-
sup 7fDq Y

= Bllallizy Yae W,
ovev, [|VV2(p) llalle2(p) A

Examples: Q>-Qy, P>-Py, ...
> Define P = span{¢(y), a € A} as before.

> Pair of inf-sup stable SGMFEM approximation spaces:
V=V,@P and W:=W,®P.

The associated discrete problem has a unique solution that is also bounded
w.r.t ||| - ||| as the Poisson ratio v — 1/2.
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Error estimation |

The current SGMFEM approximation satisfies

ugal S \7 = Vh & P, Pgala lsgal S W .= Wh ® P.
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Error estimation |

The current SGMFEM approximation satisfies

ugal S \7 = Vh & 73, pgala ijgal S W .= Wh ® P.

Error equations

l |

Substituting u = Uga) + €", p = pgal + €° and p = Pga1 + €” gives:
a(e",v) + b(v,e?) =RY(v) YveV,
b(e",q) — c(e,q) = RP(q) VqeW,
—c(e”,q) + d(eP,§) = RP(§) Vgew,

where RY(v), RP(q) and RP(§) are the residuals.

Approximate e, e, eP in spaces that are richer than V and W.
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Hierarchical Approach

> Choose FEM detail spaces V}, C H(D), W, C L2(D) with
Vhﬂ\N/h = {0}, WhﬂWh = {0},
such that the enriched spaces are an inf-sup stable pair:

Vi:=V,®V, and W/ :=W,d W,
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Vhﬂ\N/h = {0}, WhﬂWh = {0},
such that the enriched spaces are an inf-sup stable pair:

Vi:=V,®V, and W/ :=W,d W,

> Choose a new set of multi-indices to obtain a polynomial space Q with

PNQ={0}.
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Hierarchical Approach

> Choose FEM detail spaces V}, C H(D), W, C L2(D) with
Vhﬂ\N/h = {0}, WhﬂWh = {0},
such that the enriched spaces are an inf-sup stable pair:

Vi:=V,®V, and W/ :=W,d W,

> Choose a new set of multi-indices to obtain a polynomial space Q with
PNQ={0}.
> Error approximation spaces:
V=V (V2 P) o (Vho Q)
W*=Wa (Wh ® P) @ (Wh @ Q).
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Hierarchical Approach

> Choose FEM detail spaces V, € H(D), W, C L2(D) with
V,NV,={0},  W,nW,={0},
such that the enriched spaces are an inf-sup stable pair:
Vi=V,&V, and W} :=W,d W,
> Choose a new set of multi-indices to obtain a polynomial space Q with
PNQ={0}.
o> Error approximation spaces:

V* = \7 3] Vnew7
w* .= W SY VVnew-
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Error Estimation |l

Replace bilinear forms on left-hand side of error equations with simpler ones
so that resulting problem decouples.

Simplified Error Equations
Find e € Viyew, €

approx

€ Wiew and e

approx

€ W, ew such that:

approx

ao(egpprow V) = Ru(v)a Vv € Vnew
Co(egpproxv q) = Rp(q)7 Vq € VVnewa
C/o( approx7 q) Rﬁ(a)v VEI € V‘/new-
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Error Estimation |l

Replace bilinear forms on left-hand side of error equations with simpler ones
so that resulting problem decouples.

Simplified Error Equations
Find e € Viyew, €

approx

€ Wiew and e

approx

€ W, ew such that:

approx

ao(egpprow V) = Ru(v)a Vv € Vnew
Co(egpproxv q) = Rp(q)7 Vq € VVnewa
C/o( approx7 q) Rﬁ(a)v VEI € V‘/new-

The global a posteriori error estimate is defined as

= (g +mp+m)">
where
T = He:pprox”ao? 77p = ||e§pprox||C05 77;"1 = ||e£ppTOXHd0'
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Error Estimation IlI

= (2 +n2+ )2

Two-sided error bounds

Gn < ll(e, e, )l < G,

where C;, G are independent of the discretization parameters and v.
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Error Estimation IlI

= (2 +n2+ )2

Two-sided error bounds

Gn < ll(e, e, )l < G,

where C;, G are independent of the discretization parameters and v.

Exploiting the structure of V ey, Whew, the estimator can be decomposed.

775 = ||egpprox”§o = He:patiango + ||e;aram||§g

where _
e:patial € Vh ® P7 e;aram € Vh ® Q

and similarly for 77;2, and 77%.
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Adaptivity

Use contributions to 7 as indicators for the error reduction that would be
achieved by enriching either (i) V,-W,, or (i) P at the next step.

E.g., define a spatial error reduction indicator 7spatial Via

ngpatial = ||elsjpatial|| + HespatlaIH + ||espat1al||do
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Adaptivity

Use contributions to 7 as indicators for the error reduction that would be
achieved by enriching either (i) V,-W,, or (i) P at the next step.

E.g., define a spatial error reduction indicator 7spatial Via
ngpatial = ||elsjpatial|| + HespatlaIH + HespatlalHdo

Let Unew, Prew, Pnew be the SGFEM approximation associated with

(vh @ \7h) @ P, (W,, o ’Wh) @ P.

Spatial Error Reduction Indicator

Cl nspatial § |||(uncw - ugala Pnew — pgal, .bnow - ﬁgal)m S C3 nspatial
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Numerical Example

Test problem with spatial singularities (which become weaker as v — 1).

> Spatial domain: D = (0,1) x (0,1).
> Mixed bc's: on = 0 on right-hand edge and u =0 on 9D \ 9Dy
> Body force: f = (0.1,0)T.

> Parameter-dependent Young's modulus:

E(x,y)=1+ Z am(X) Y, lam(X)|loo ~ M2, ym ~ U(=1,1).

m=1

> Mixed FEM approximation : V,—W}, = P,—P; (triangles).
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Non-adaptive: Poisson ratio v = 0.4

Galerkin approximation using P,—P; on a uniform FEM mesh, with P the set
of polynomials of total degree < 4 in M = 8 parameters.

i
il
il

il
_

il
il

0.5

Figure: Top: Estimated mean (left) and variance (right) of u,. Bottom: Estimated
mean (left) and variance (right) of p.
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Adaptive:

Poisson ratio v = 0.4

At each step choose between (i) local FEM mesh refinement, or (ii)
parametric enrichment.

error estimate

-©-7
parametric
—— spatial

103

10° 10* 10° 108 107
degrees of freedom
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Improved Pressure Approximation (v

104
0.15 e
0.1 6
0.05 4
0 2
-0.05 0 ?”"*"«v
1 1
§ =
='.~V :“:. ‘ «:‘5 =

Mean E[pg.1] (left) and variance V[pg.i] (right).

)
@
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Adaptive: Activated Indices (v = 0.4)

140

[ ] No. of activated parameters
120 [l No. of parametric basis polynomials

100

60 -

40

ﬂ,d;ﬂ.w;*“ﬂf“”lﬂljm@[““J"“JJS !

5 40 45

o

Adaptive step



Adaptive: Poisson Ratio v = 0.49999

(L, ;
-o-7
parametric
1 —— spatial
10° ¢ —O(dof™'?)| -
S
©
£
1)
)
S
= -6 4
5 10
D
10° 10* 10° 108

degrees of freedom
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Adaptive: Activated Indices (v = 0.49999)

400

350

300

250

200

150

100

50 -

o

Catherine E. Powell 31/33

[ ] No of activated parameters
Il No of parametric basis polynomials

il

Adaptive step

,n.;mafoﬂuuinﬂ|mﬂ|“

35

40




Adaptive FEM Meshes

Poisson ratio: v = 0.4 (right) and v = 0.49999 (right).
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Summary: Linear Elasticity Problem

> Two-sided bounds for error and estimates of potential error reduction.
> Adaptive SGFEM algorithm.

> Error estimation & solver both robust for nearly incompressible case.

References

O Khan et al., Robust a posteriori error estimation for stochastic
Galerkin formulations of parameter-dependent linear elasticity equations,
Math. Comp., 90 (328), 2021.

O Khan et al., Robust preconditioning for stochastic Galerkin
formulations of parameter-dept. nearly incompressible elasticity
equations, SISC 41(1), 2019.
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