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Introduction

e Stardard numerical methods perform poorly in convection-dominated
problems (spurious oscillations if boundary or internal layers present).



Example

—eAu+b-Vu=f, inQ, )
u =0, only, ;
u=1 on I'y, |

where  Q=1[0,1] x [0,1], b= [cos(w/3), —sin(x/3)]*, f(x)=0.

Internal layer
boundary layer
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The true solution for € = 10~® interpolated on the grid



Example

7654321040

Standard Galerkin approximation.



Introduction

e Stardard numerical methods perform poorly in convection-dominated
problems (spurious oscillations if boundary or internal layers present).

e Stabilized methods perform better. But yet ...
Stabilized methods: Standard methods with extra terms
that vanish on the true solution (but not on the numerical ap-
proximation) and improve the quality and/or accuracy of the
approximation.



Example
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Streamline diffusion (SUPG) approximation.



Example

Streamline diffusion (SUPG) approximation from a different point of view.



Introduction

e Stardard numerical methods perform poorly in convection-dominated
problems (spurious oscillations if boundary or internal layers present).

e Stabilized methods perform better. But yet ...

e And even for not so convection-dominated problems



Example
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SUPG-A (by Lube) approximation for e = 1072 .
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SUPG-A approximation for € = 1072 from different point of view .



Introduction

Stardard numerical methods perform poorly in convection-dominated
problems (spurious oscillations if boundary or internal layers present).

Stabilized methods perform better. But yet ...
And even for not so convection-dominated problems

Furhter not-well-understood techniques have to be applied to obtain
accurate approximations.
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The SUPG-A (left) and the (shortened) SMS (right)

approximations for e = 1073
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The interpolant of the true solution (left) and the
(shortened) SMS approximation (right) for e = 107




Introduction

Stardard numerical methods perform poorly in convection-dominated
problems (spurious oscillations if boundary or internal layers present).

Stabilized methods perform better. But yet ...
And even for not so convection-dominated problems

Furhter not-well-understood techniques have to be applied to obtain
accurate approximations.

A key ingredient for good numerical results seem to be error bounds
valid for vanishing diffusion (i.e., independent of the inverse of the
diffusion parameter).



Introduction

Stardard numerical methods perform poorly in convection-dominated
problems (spurious oscillations if boundary or internal layers present).

Stabilized methods perform better. But yet ...
And even for not so convection-dominated problems

Furhter not-well-understood techniques have to be applied to obtain
accurate approximations.

A key ingredient for good numerical results seem to be error bounds
valid for vanishing diffusion (i.e., independent of the inverse of the
diffusion parameter).

Analysis in time-dependent problem much less developed than in
steady problems.



The Navier-Stokes equations

u, —vAu+ (u-V)u+Vp = £, in (0,7] x €,
V-u = 0, in(0,7]xQ,

u(0,-) = wuo() inf
u = 0, on (0,7] x 9.

QO c R%, (d=2,3),

Uel,

v < 1, Re = > 1.

vV



In Rd7 d — 2737

Clarification

Uy
u = :

Uq
u- Vi




The Navier-Stokes equations

u, —vAu+ (u-V)u+Vp = £, in (0,7] x €,
V-u = 0, in(0,7]xQ,

u(0,-) = wuo() inf
u = 0, on (0,7] x 9.

QO c R%, (d=2,3),

Uel,

v < 1, Re = > 1.

vV



Convection-difussion equation

u; — vAu + b - Vu + cu
U

f in (0,7] x €,
uO() n Qa
0 on [0,T] x 092,

QO c R¢, (d=2,3),
b=Db(t,x), c=c(lx)),

_[blcle

vV

v < 1, Pe > 1.

Technical assumption: 0<pp<c— %V b < .



The Navier-Stokes equations

u, —vAu+ (u-V)u+Vp = f, in (0,7] x €,
V-u = 0, in(0,7]xQ,
u(0,-) = wuo(-) inf
u = 0, on (0,7T] x 9.

Weak form: find (u,p) : [0,7] — H}(Q)? x L3(Q) satisfying u(0) = ug, and

(0w, @) +v(Vu, Vo) + (u-V)u, @) — (0, V) = (f,9)), » € Hj(Q)",
(V-u,) =0, € Ly(Q),

where  Li(Q) ={q e L*(Q): (¢q,1) =0}, (+,+) inner prod. in L*(92).



Clarification
In R, d=2,3, (-,-)inner prod. in L?().

(’U,’w):/vwd:vl... dxg,
Q

(v, w) :/V-del... dxg,
0



The Navier-Stokes equations

u, —vAu+ (u-V)u+Vp = f, in (0,7] x €,
V-u = 0, in(0,7]xQ,
u(0,-) = wuo(-) inf
u = 0, on (0,7T] x 9.

Weak form: find (u,p) : [0,7] — H}(Q)? x L3(Q) satisfying u(0) = ug, and

(0w, @) +v(Vu, Vo) + (u-V)u, @) — (0, V) = (f,9)), » € Hj(Q)",
(V-u,) =0, € Ly(Q),

where  Li(Q) ={q e L*(Q): (¢q,1) =0}, (+,+) inner prod. in L*(92).



Convection-difussion equation

u —vAu+b-Vu+cu = f in (0,7] x €,
U(O, ) — UO() n Qa
u = 0 on [0,7T] x 02,

Weak form: find u: [0, 7] — H;(Q) satisfying u(0) = g, and

(Opu, ) + v(Vu, Vo) + (b Vu, ) + (cu, ) = (f,¢), ¢ € Hy(Q),



Convection-diffusion eqn.: finite element discretization

e 7, partition of €2 into elements of max. size h

e Vi, C Hy(Q) (piecewise polynomials of degree k).



Convection-diffusion eqn.: finite element discretization

e 7, partition of €2 into elements of max. size h

o V), C Hy(Q) (piecewise polynomials of degree k)

Weak form: find u : [0,T] — H} () satisfying u(0) = ug, and

(Opu, @) + v(Vu, Vo) + (b - Vu, o) + (cu, 0) = (f,9), » € Hy(9),

Galerkin discretization: find uy : [0, 7] — V}, satisfying u (0) = ug, and

(Ovun, on) + v(Vun, Vp) + (b - Vup, on) + (cun, on) = (f,0n),  ¢n € V.



Navier-Stokes eqns.: mixed finite element discretization

e 7, partition of €2 into elements of max. size h

e V), C HNQ) and Q, C L3(Q) satisfying

\va
inf sup (V- Vi o) > 5.
IhELh v, eV, HVVhH HQhH
where || - || norm in L*(Q) (associated with (-,-)).
Also, ||-||, norm in Sobolev’s space H'(2).

And, |||, norm in L>(€2).



The Navier-Stokes equations: Discretization

Find (u,p) : [0,T] — Hy(R2) x Li(§2) satisfying u(0) = ug, and

(O, @) +v(Vu, Vo) + (u-V)u, ) — (p, V) = (f,v), @€ Hy(Q)"
(V-u,1) =0, € Ly(Q),

(Galerkin Discretization:
Find (up,pn) : [0,T] — V,, x @y, satisfying uy,(0) ~ ug, and

((uh)tv cph) T V(vuha VSOh) T (B(uh7 uh)7 Qoh) T (plw V- Soh) :(f7 Soh)7
P, € th

(v " Up, ¢h) :Oa wh S Qha
where B(u,v)=(u-V)v+3(V-u)v, u,v e H(Q)¢



Basics of the error analysis

C-V equations: compare approximation u; with elliptic projection m,u €
V}, defined by

(Vﬂ'hu, VQO}L) — (VU, Vgph), Vgph e V.
and satisfying that for u € Hy(Q) N H™(Q),

|u = mpul + BV (w = mpu)l] < CR ]

N-S equations: compare approximation u; with Stokes projection s; €
V;, (and [, € Q) defined by

V(V'Shv vgph) o (lhv V- Qoh) — V(VU., VS@h)a v P € Vha
(V- sp,¥n) = 0, Vb, € Q.

satisfying that for u € Hi(Q)? N H*1(Q)4, with V- u =0,

h
Ja—sull + 2V (= su)l[ + = [I1]] < CREHuf



Analysis: Convection-diffusion eqn.

(ue, @) + v(Vu, Vo) + (b - Vu, @) + (cu, @) = (f,¢), Vo € Hy(Q).

(Ovun, on) +v(Vup, Vop) + (b Vup, on) + (cup, on) = (f, 0n),  Yon € Vi,



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (f,9), Ve e Hy(Q).

(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Vi,



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (fr9), Vo € Hy().
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Vi,
for vy, = mpu

V(Vvh, Vg@h) — V(Vu, VQOh)



Analysis: Convection-diffusion eqn.

(ue, ©) + v(Vu, Vo) + (cus) = (f,0), Vo € Hy(S).
(atuh» Sﬁh)JFV(V’UJha VSOh) +(Cuh, Sph) = (fa @h)a Vo € Vi,

for v, = mou

v(Vup, Vo) = (f, n)
o (uta gph) _ (Cua gph)



Analysis: Convection-diffusion eqn.

(ue, ©) + v(Vu, Vo) + (cus) = (f,0), Vo € Hy(S).
(atuh» Sﬁh)JFV(V’UJha VSOh) +(Cuh, Sph) = (fa @h)a Vo € Vi,

for vy, = mpu

(Orvn, on) +v(Vun, Vo) + (cvn, on) = (f, ¢n)
-+ (at(vh _ u)? gph) — (C(Uh _ u)? gph)7



Analysis: Convection-diffusion eqn.

(ut, p) + v(Vu, V) +(cu, ) = (f,9), Vo€ Hy(Q).
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Vi,
for e, = mu — uy,

(Oren, on) +v(Ven, V) + (cen, on) =
(Oren, pn) + (cen, ©n),

(ep, = Thu — u),

recall  [lenl] < CR M ullesr,  [10enll < CRMHlue|r4,



Analysis: Convection-diffusion eqn.

(ut, p) + v(Vu, V) +(cu, ) = (f,9), Vo€ Hy(Q).
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Vi,
for e, = mu — uy,

(Oren, on) +v(Ven, V) + (cen, on) =
(Oren, pn) + (cen, ©n),

(ep, = Thu — u),

take @y, = ey,



Analysis: Convection-diffusion eqn.

(ut, p) + v(Vu, V) +(cu, ) = (f,9), Vo€ Hy(Q).
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Vi,
for e, = mu — uy,

(Oren, en) + v(Vep, Vey) + (cep, en) =
(Oen, en) + (cen, en),



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (fr9), Vo € Hy().
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Va,
for e, = mu — uy

(Oren,en) + v(Vep, Vey) + (cep, ep) =
(atgha Gh) + (Cgha eh)a

—=llenll® + v Ven + (cen, en) =
(atghaeh) + (Cghaeh)a



Detail

(Oren, en) + (cen, en)

Applying Cauchy-Schwartz inequality
1/2
(cens en) = (\/_Cl/QEh,CEeh ) < ||c'?es H +5 HCm@hHQ

1
— Hcl/2€hH - Z(Ceh’ eh)7

\/7 61/2 1

(ati‘fh,eh) ( 1/28t5h7—eh < HC 1/26t5hH —|_4 ceh,eh).

V2



Detail

(0t€h, Gh) + (C€h, eh) S Hcl/Qs}LHQ -+ Hc_l/QatethQ + %(ceh, Gh).

Applying Cauchy-Schwartz inequality
1/2
(cenen) = (VA 2en, Smer) < [ + 7 [

V2
1

— Hcl/Qth + Z(ceh,eh),

\/§ 61/2 1

(ati‘fh,eh) ( 1/28t5h7—eh < HC 1/28t5hH —|_4 ceh,eh).

V2



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (fr9), Vo € Hy().
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Va,
for e, = mu — uy

(Oren,en) + v(Vep, Vey) + (cep, ep) =
(atgha Gh) + (Cgha eh)a
d 1 5 5
aj\eh\! + v||Ven| + (cen, en) <
1

| 2kenl® + llc!%enl® + 5 (cen, en),



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (fr9), Vo € Hy().
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Va,
for e, = mu — uy

(Oren,en) + v(Vep, Vey) + (cep, ep) =
(atgha Gh) + (Cgha eh)a

d 1 1
——|len|® + || Ve +§(C€ha€h)

dt 2
|7 20enl® + [l e

A



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (fr9), Vo € Hy().
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Va,
for e, = mu — uy

(Oren,en) + v(Vep, Vey) + (cep, ep) =
(atgha Gh) + (Cgha eh)a

—llell” + v Ve + e

VAN

po  10enll” + pullen]l®

~



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) +(cu,0) = (fr9), Vo € Hy().
(Opun, on)+v(Vuy, Vo) +(cun, on) = (f,on), Veon € Va,
for e, = mu — uy

(Oren,en) + v(Vep, Vey) + (cep, ep) =
(atgha Gh) + (Cgha eh)a
d 1

2 Ho 2
—— — <
—=llen + £ e <

po 10eenll” + |’ 7



Analysis: Convection-diffusion eqn.

(ue, ©) + v(Vu, Vo) + (cus) = (f,0), Vo € Hy(S).
(atuh» Sﬁh)JFV(V’UJha VSOh) +(Cuh, Sph) = (fa @h)a Vo € Vi,

for e;, = mhu — uy

B 2 t t
len()[* < e “Ot||€h(0)||2+u—/ ||3t5h||2dt+2u1/ len|” dt.
0Jo 0



Analysis: Convection-diffusion eqn.

(ue, ©) + v(Vu, Vo) + (cus) = (f,0), Vo € Hy(S).
(atuh» Sﬁh)JFV(VUha VSOh) +(Cuh, Sﬁh) = (f7 Sph)a Vo € Vi,

for e;, = mhu — uy

B 2 t t
len()[* < e “Ot||€h(0)||2+u—/ ||3t5h||2dt+2M1/ lenl|” dt .
0Jo 0

O(h20+1)



Analysis: Convection-diffusion eqn.

(ue, @) + v(Vu, Vo) + (b - Vu, @) + (cu, @) = (f,¢), Vo € Hy(Q).

(Ovun, on) +v(Vun, Vr)+(b - Vuy, o)+ (cup, on) = (f,0n), Yon € Vi,



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(Oren, on) +v(Ven, V) + (b - Ve, on) + (cen, on) =
(Oven, on) + (cen, n) + (b - Ven, on),

(ep, = TRu — u),



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(Oren, on) +v(Ven, V) + (b - Ve, on) + (cen, on) =
(Oven, on) + (cen, n) + (b - Ven, on),

(ep, = TRu — u),

lenll < CRE H ullkgr, NOenll < ChM Hluelligr,  [Venl < CR*[Jullisa



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(Oren, on) +v(Ven, V) + (b - Ve, on) + (cen, on) =
(Oven, on) + (cen, n) + (b - Ven, on),

(ep, = TRu — u),

take @, = ey,



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(Oren, en) + v(Vep, Vey) + (b - Ve, en) + (cen, en) =
(Oren, en) + (cen,en) + (b - Ve, en),



Analysis: Convection-diffusion eqn.

(ue, @) + v(Vu, Vo) + (b - Vu, @) + (cu, @) = (f,¢), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, on) 4+ (cun, on) = (f, on), Yon € Vi,

for e;, = mpou — uy

(atefw eh) T V(veha veh) T (b | veha eh) T (Ceh7 €h> —
(Osen, en) + (cen,en) + (b - Vey, ep),

1
(b-Vepn, en) + (cen, er) = —5((V -ben, en) + (cen,en) > pollenl”.

(0<po<c—(V-b)/2< )



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(Ocen, en) +v(Ven, Ven) + piollen]]? <
(8t5h, €h> -+ (C&fh, €h> -+ (b : VEh, €h>,

(Osen, en) + (cen, en) + (b -Ven, ep)
12

L
< —Hatfth2+2 lenll® + —Hb°V€hH2+—OH€hH2
1o 140 1o 2



Analysis: Convection-diffusion eqn.

(ug, ) + v(Vu, Vo) 4+ (b - Vu, @) + (cu, o) = (f.¢), VYo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(Oren, en) +v(Ven, Vep) + pollenl” <
(Ocen, en) + (cen, en) + (b - Ven, en),
Zrgllenll® + viIVen | + el <

2 2 1
Z1|uenl® + 222 enll2 + —|b - Ve
Ho Ho Ho



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

4 [ 2 (1
len @) < e en )P+ [ (10nlP + ilnl) de- [ - T d
Ho Jo Ho Jo



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

~ 4 [ 2 (1
len )P < e en )+ [ (I0enl? + dllenl?) de-+- [ b Ve
i/l/o 0 _y ILLO\O

J/

O(hZ(kz—i—l)) O(h%)



Analysis: Convection-diffusion eqn.
(ut, ) + v(Vu, Vo) + (b Vu, ) + (cu, ) = (f,9), Vo € Hy(Q).
(Orun, on) +v(Vun, Vior)+ (b - Vup, on)+(cun, on) = (f o), Von € Va,
for e, = mu — uy

(ateha €h) + V(Veh, Veh) + M0||€h||2 _
(Oren, en) + (cen, ) + (b - Vep, ep),

(b . V€h, Gh) = —(€h, b - Veh) — ((V . b)€h, eh)



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(ateha Gh) + V(Veh, Veh) + MOHGhHQ _
(atgha €h> —|_ (Cgh, eh) —|— (b . VE],“ €h>7

(b-Vey,en) =—(en,b-Ve,) — ((V-bey, ep)
b5 IV -b|?
2V

1o

L4
< ZVenl? + Blo2je, ) + Jenll? + E2 en



Analysis: Convection-diffusion eqn.

(ue, ) + v(Vu, Vo) + (b - Vu, @) + (cu, 0) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vup, Vor)+(b - Vuy, op) 4 (cun, on) = (f, on), Yon € Vi,

for e;, = mhu — uy

(6t€ha €h) + V(Veh, Veh) + :LLOHGhHQ _
(atgha €h> —l_ (Cgh, eh) —|— (b . VE],“ 6/’L>7

(b-Vey,en) =—(en,b-Ve,) — ((V-bey, ep)

bl V - b||?
bl IV - b len|? + o
2V Lo 4

< SlIVenl® + lenll® + e



Analysis: Convection-diffusion eqn.

(ut, @) + v(Vu, Vo) + (b - Vu, @) + (cu, ) = (f, ), Vo € Hy(Q).
(Ovun, on) +v(Vun, Vr)+(b - Vuy, o)+ (cup, on) = (f, 0n),  Yon € Vi,

for e, = mu — uy

4 (7 2 [t
len(?)])” < 6‘“Ot\!6h(0)\!2+—/ ([[0een |l + 13 llenll?) dt+—/ b - Ve, | dt
{LLO 0 J Ho JO

J/

~/~

O(h;(rk—i_l)) O(h%)

8 [! 1 [t
len(t)])” < e‘“‘)tHeh(O)H%%/ ([0een > + C?[lenll?) dt+;/0 Ibl|Zlenll” dt
0

S

~/~

O(h;(rlﬁ-l)) O(V—1h2(k—l—l))



Convection-diffusion eqn. Example

u —vAu+b-Vu+cu = f in (0,7] x €,
u(0,-) = wuo(-) in g,
u = 0 on [0,7T] x 02,

f chosen so that

u(x,t) = sin(wt) sin(2mx) sin(27y).



Initial grid (level 1).




First refined grid (level 2) Second refined grid (level 3)
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Convection-diffusion eqn. Stabilized methods
SUPG: Streamline Upwind Petrov Galerkin method O(h*+1/2) error est.

Steady problems
e Brooks & Hughes (1982), Hughes & Brooks 1979
e Roos, Stynes & Tobiska (2008).
Time-dependent problems
e Hughes, Franca & Mallet (1987) (Space-time elem., At > ch)
e N-S eqgs.: Hansbo & Szpessy (1990), Lube & Tobiska (1990) (Idem)
e Burman (2010) (At > ch)

e John & Novo (2011)



Analysis: Convection-diffusion eqn. Stabilized methods (term by term LPS

(ue, ©) + v(Vu, Vo) + (b Vu+cu, o) = (f, ), Yo € Hy().
(atuha gph)—|—y(vuh7 vgph)+(b'vuh+cuha gph)—l_sh(uha @h) — (fa Qph), Vgph < Vh,

(Details after the talk if requested)



Analysis: Convection-diffusion eqn. Stabilized methods

(ug, ©) + v(Vu, Vo) + (b - Vu+ cu, ) = (f, p), Vo € Hy(9).

Term by term stabilization (variant of LPS stabilization)
Chacén Rebollo, Gomez Marmol, Girault & Sanchez Munoz (2013)
Ahmed, Chacén Rebollo, V. John & Rubino (2017). N-S eqns.

(Error bounds depending on v ')

de Frutos, G-A, John & Novo (2019). N-S eqns.

(Error bounds independent of v)



The Navier-Stokes equations: Analysis

(Ou, @) +v(Vu, Vo) + (u-V)u,0) — (p, V) = (f,v), @€ Hy(Q)",
(V-u,1) =0, € Ly(Q),

((un)s, 01) + v(Vuy, Vo) + (B(ug, un), @) — (06, V - 01,) =(£, ¢1,),
P € th

(V -y, vn) =0, 9y, € Qn,

where B(u,v)=(u-V)v+ (V- -u)v, u,ve Hj(Q)?



The Navier-Stokes equations: Analysis

(Ou, @) +v(Vu, Vo) + (u-V)u,0) — (p, V) = (f,v), @€ Hy(Q)",
(V-u,1) =0, € Ly(Q),

((un)s, 01) + v(Vuy, Vo) + (B(ug, un), @) — (06, V - 01,) =(£, ¢1,),
P € th

(V -y, vn) =0, 9y, € Qn,

Difficulties:



The Navier-Stokes equations: Analysis

(Ou, @) +v(Vu, Vo) + (u-V)u, ) — (p, V) = (f,v), @€ Hy(Q)",
(V-u,) =0, € Ly(Q),

(), 01) + v(Vuy, Vo) + (B(ug, un), @) — (00, V - 05,) =(£, ¢1,),
P € th

(v " Up, ¢h) :Oa wh S Qh7

Difficulties:
1 - Pressure and incompressibility condition.



The Navier-Stokes equations: Analysis

(Ou, @) +v(Vu, Vo) + (u-V)u, ) — (p, V) = (f,v), @€ Hy(Q)"
(V-u,) =0, € Ly(Q),

((an)e, 01) +v(Vuy, Voo, ) + (B(ug, uy), @) — (06, V - 01,) =(£, ¢1,),
P € th

(V -y, ) =0, 9y, € Qn,

Difficulties:

1 - Pressure and incompressibility condition.
2 - Convection and diffusion when v < 1 (Re > 1).



The Navier-Stokes equations: Analysis

(O, @) +v(Vu, Vo) + (u-V)u, ) — (p, V) = (f,v), @€ Hy(Q)",
(V-u,) =0, € Ly(Q),

((un)e, o1) +v(Vuy, Vo) + (B(ug, uy), @) — (08, V - 01,) =(£, ¢1,),
P € th

(V -y, ) =0, 9y, € Qn,

Difficulties:

1 - Pressure and incompressibility condition.
2 - Convection and diffusion when v < 1 (Re > 1).
3 - Nonlinearity.



The Navier-Stokes equations: Analysis

(Ou, @) +v(Vu, Vo) + (u-V)u, ) — (p, V) = (f,v), @€ Hy(Q)",
(V-u,) =0, € Ly(Q),

(), 01) + v(Vuy, Vo) + (B(ug, un), @) — (00, V - 05,) =(£, ¢1,),
P € th

(v " Up, ¢h) :Oa wh S Qh7

Pressure and incompressibility condition.



The Navier-Stokes equations: Analysis

w, —vAu+ (u-V)u+Vp = f, in (0,7] x €,
V-u = 0, in(0,7]xQ,
u(0,-) = ue(-) inQ,
u = 0, on (0,7T] x 9.
((un)e pp) +v(Vup, Voo, ) + (B(un, un), @) — (01, V - ,) =(T, ¢p),
®pn € Va,

(v ’ uh7¢) :Oa ¢ S LZ(Q)a

Pressure and incompressibility condition. Not a difficulty if div-free ele-
ments
Analysis (after talk) and results similar to convection-diffusion problems.



The Navier-Stokes equations: Example

u —vAu+b-Vu+cu = f in (0,7] x €2,
u(0,-) = wuo(-) inQ,
u = 0 on [0,7T] x 02,

f chosen so that

sin?(7rx) sin(my) cos(mwy)
— sin?(7y) sin(7x) cos(mx)

p(x,t) = ?sin(wt)((iﬁy —1).

u(x,t) = 2w sin(nt)

)



lu—w, ||~ (0,T;L3(Q2))

1072

107 |

Convective form, P, /PIs




Degrees of freedom

Divergence-free Scott-Vogelius P2/P145¢ vs Taylor-Hood P2/P1.

magnitude/ level 4 5 6 7 8
velocity 3010 | 12162 | 48898 | 196098 | 785410
pressure (div-free) | 2304 | 9216 | 36864 | 147456 | 589824
pressure (T-H) 401 | 1569 | 6209 | 24705 | 98561

A. Linke & C. Merdon, Pressure-robustness and discrete Helmholtz projec-
tors in mixed finite element methods for the incompressible Navier-Stokes

equations. CMAME, 311 (2016), 304-326.

“Computationally very expensive method, especially in 3D”

“Only in problems with very difficult pressures is competitive with other
finite element methods like Taylor-Hood”



The Navier-Stokes equations: Analysis

(Ou, @) +v(Vu, Vo) + (u-V)u, ) — (p, V) = (f,v), @€ Hy(Q)",
(V-u,) =0, € Ly(Q),

(), 01) + v(Vuy, Vo) + (B(ug, un), @) — (00, V - 05,) =(£, ¢1,),
P € th

(v " Up, ¢h) :Oa wh S Qh7

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements.



The Navier-Stokes equations: Analysis

(Oa, ) + v(Vu, Vo)

((uh)t7 Qoh) + V(vuhv Vgoh)

— (0. V@)= (f,v), e Hj(Q)",
(V-u,) =0, € Ly(Q),

- (phv V@) :(f, Soh)a
P € th

(v " Up, wh) :Oa wh S Qh7

1 - Pressure and incompressibility condition. Case of non weakly div-free

elements.



The Navier-Stokes equations: Analysis

(0, ) +v(Vu, V) — (0, V@)= (f,v), @€ H;(Q)"
(V-u,) =0, € LE(9),
((un)e, 1) +v(Vug, V) — (pn, V- y,) =(f, 1),
P € th

(v " Up, wh) :Oa wh S Qh7

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements. For e;, = u;, — s, €, = u — s;, and m,p best approx.,

d 1
o llenll? + Vel < (Den en) + (0 — mp, V - ex),

o 2
=1,V o) < L2 27;”9”

1%
v, 2’
+ S|V



The Navier-Stokes equations: Analysis

(O, ) +v(Vu, Vo) — (0, V)= (f,v), weH(Q)"
(V‘uﬂﬂ) :Oa w S L(%(Q)a
((un)e; o) + v(Vug, Ve, ) — (on, V- 05,) =(£, 03),
P € th

(v * Up, wh) :07 wh S Qha

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements. For e, = uy — s, €, = u— s, and m,p best approx., L = O(1),

—sllenll* +v([Ver|® < (dien. en) + (0 — mp, V - ep),

1 L
(p—mp, V) = —(V(p—mup,en) < —||V(p — mup)||* + ZH%\R



The Navier-Stokes equations: Analysis

(Ona, ) + v(Vu, Vo)

((un)e, 1) + v(Vuy, V)

— (0. V@)= (f,v), e HjQ)",
(V-u,) =0, € Ly(Q),

— (on, V- py,) =(f, 04),
P, € th

(V-up, ) =0, 9y, € Qn,

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements. For e, = uy, — sy, €, = u— s;, and m,p best approx., L = O(1),

1 /! 1 /[t
Heh<t>u2Seﬂ(uehw)u%z / vl e+ / up—wwdt)

~ ~

O(hZ(k:—i—l)) O(V—thk)



The Navier-Stokes equations: Analysis

(Ona, ) + v(Vu, Vo)

((un)e, 1) + v(Vuy, V)

— (0. V@)= (f,v), e HjQ)",
(V-u,) =0, € Ly(Q),

— (on, V- py,) =(f, 04),
P € th

(v " Up, ¢h) :Oa wh S wa

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements. For e, = uy, — sy, €, = u— s;, and m,p best approx., L = O(1),

2 [t 2 [t
Heh<t>u2Seﬂ(uehw)u%z / enl?dt + / uv<p—mp>u2dt)

~ ~

O(hZ(kz—i—l)) O(hZ(k:—l))



Galerkin method P3/ P2

10_1 F T T T T

level



The Navier-Stokes equations: Analysis with grad-div stabilization

(0w, ) + v(Vu, V) — (. V-@)=(f,v), ¢ecHQ)"
(V-u,9) =0, € Ly(Q),

((an)e, @) +v(Vup, Veo,) +u(V -, Vo) — (00, V- 03) =, 1),
Pn < th

(v " Up, wh) :Ov ¢h S Qha

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements. For e;, = u;, — s, €, = u — s;, and m,p best approx.,

d 1
o llenl” +viIVenl” + 1|V - enl” < (Oien en) + (p = mup, V - €n),
lp — mupll* | 1 2
— V-e,) < SV -
(p—mp, Vo) < T+ DIV el



The Navier-Stokes equations: Analysis with grad-div stabilization

(Opu, ) + v(Vu, Vo) — (0. V@)= (f,v), e HjQ)",
(V-u,) =0, € Ly(Q),

((an)e, pn) +v(Vup, Veo,) + u(V -, Vo) — (00, V- 03) =(£, 1),
Pp € th

(V -y, vn) =0, 9y, € Qn,

1 - Pressure and incompressibility condition. Case of non weakly div-free
elements. For e, = uy, — sy, €, = u— s;, and m,p best approx., L = O(1),

1 /! 1 [t
Heh<t>u2Se“(ueh<0>u2+z / forenldi-+ / H(p—ﬂhp)H2dt)

O(hZ(k:—i—l)) O(th)




Galerkin method with grad-div P3/P2
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The Navier-Stokes equations: Analysis

3 - The effect of the nonlinearity. Adding +(B(uy,, si), €xn),

(B(up,up) — B(sp, s1),en) = B(uy, e, e,) +B(ep, sp, ep)

\ . J/




The Navier-Stokes equations: Analysis

3 - The effect of the nonlinearity

(B(up,up) — B(sp, s1),en) = B(uy, e, e,) +B(ep, sp, ep)

\ . J/

— 0
1
— ((eh ’ V)Sha eh) + §(V - ep, Sy, - eh)
1 snll% y
= - (v||Vsh||oo+ 20| )||eh||2+—||veh||2.
4 4 4

\ . J/

r



The Navier-Stokes equations: Analysis

3 - The effect of the nonlinearity

(B(up,up) — B(sp, s1),e,) = B(up, e, ehZJrB(eh, Sh,€p)

\

— 0
1

— ((eh ' V)Sha eh) + §(V - ep, Sy, - eh)

1 snl|?
< = (V][ Vsnlloo + | hHOO)Heh
v 4

, 1 [t 1 [t
len(t)]? < ertt /”>>t(||eh<o>||2+— / |ateh||2dt+— / |
L 0 L 0

9 1%
—1V
+4|| en

V(p — mup)

2

% dt.

O(h2+=1)



[a—uy, |[g= (0,T;L3(2))

Galerkin method, divergence form, P, /P,

&




The Oseen equations

vi—VvAv+(b-V)v+Vq = f, in (0,7] x €,
Vv = 0, in(0,T]xQ,

v(0,:) = uo(-) inf
v = 0, on (0,T] x 0.



Galerkin method P2/P1
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The Navier-Stokes equations: Analysis with grad-div stabilization

3 - The effect of the nonlinearity

(B(up,up) — B(sp, s1),en) = B(uy, e, e,) +B(ep, sp, ep)

\ . J/

=0
— ((eh V)Shaeh) + §(V - ep, Sy, - eh)
2
< (10l + 12 feu 2+ 519 - P

\ . 4




The Navier-Stokes equations: Analysis with grad-div stabilization

3 - The effect of the nonlinearity

(B(up,up) — B(sp, s1),e,) = B(up, e, ehZJrB(eh, Sh,€p)

=0
1
= ((en - V)sy, €p) §(V en, Sn - €)
S 2
< (I8l + 12 oy 24 29 2

2 [t 2 [t
Heh<t>u2Se“(ueh<0>u?+z / e+ / Ip — mupl2 d.

O(hZ(k:—i—l (h2k)

/ ||Vsh||2dt)

th:)




Galerkin method with grad-div P2/ P1
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The Navier-Stokes equations: Error bounds of Order £

Inf-sup stable elements.
div-free: Schroeder & Lube (2017)
grad-div: de Frutos, G-A, John & Novo (2018)
LPS: Ahmed & Matthies (2021) (to appear).
Non Inf-sup stable elements.
LPS: de Frutos, G-A, John & Novo (2019)
SPS: G-A, John & Novo (2021).



The Navier-Stokes equations: Methos of order £k + 1/2

Non inf-sup stable elements of equal order. O(h*+1/2) error.
Hansbo & Szepessy (1990). Space-time linear elements, only O(h*/?).
Burman & Fernandez (2007). Continuous Interior Penalty method.
Cheng, Feng & Zhou (2019). Two-level LPS
de Frutos, G-A, John & Novo (2019). LPS term by term stabilization.
H(div)-conforming methods (discontinuous elements). O(h*+1/2) error.

Han & Hou (2021). Raviart-Thomas, DBM, upwind stab. term



