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What is this talk about...

x Computational methods for uncertainty quantification (UQ)
» PDEs with uncertain or parameter-dependent inputs

» forward UQ: propagation of uncertainty from the inputs/data to the
output/solution

» approximations of the input-output map

* Numerical solution of elliptic PDE problems with parametric or
uncertain inputs using
» stochastic Galerkin FEM

» stochastic collocation FEM

* Design and analysis of adaptive algorithms
» focus on multilevel adaptivity
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Parametric model problem

Problem formulation: find v : D x ' = R satisfying

—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Domains
» D C R? ~~ physical domain
» T:=[-1,1]"or I :=[~1,1]" ~ parameter domain
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Parametric model problem

Problem formulation: find u: D x I' — R satisfying

—Vx - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Domains
» D C R? ~~ physical domain
» :=[-1,1]" or [ :=[~1,1]" ~ parameter domain

Remark: parameters yi, y», ... can be seen as images (observations) of
independent real-valued random variables with cumulative distribution
functions m1(y1), m2(y2), . ... Then, the joint cumulative distribution function
is defined as

m(y) := H Tm(ym), and /ld"fm(Ym) = /rdW(Y) =1
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Parametric model problem

Problem formulation: find v : D x ' = R satisfying

—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Domains
» D C R? ~~ physical domain
» :=[-1,1]" or [ :=[~1,1]" ~ parameter domain

m  Challenges for numerics (and analysis)
» high-dimensional parameter domain ~+ ‘curse of dimensionality’
» guaranteed and reliable error control in approximations (rigorous a
posteriori error analysis)
» tuning of spatial and stochastic components of approximations

» adaptive algorithms that are provably convergent with optimal rates

A. Bespalov * Multilevel adaptivity for stochastic FEMs 2/32



Parametric model problem... and numerical solution methods

Problem formulation: find u: D x ' — R satisfying

—Vx - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Monte Carlo sampling (vanilla MC, Quasi-MC, Multilevel MC)
» effective and dimension independent

» estimating the moments of the solution
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» effective and dimension independent
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® ‘Surrogate’ approximations that are functions of parameters, u(x,y) =~ ts(x,y)
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Parametric model problem... and numerical solution methods

Problem formulation: find u: D x ' — R satisfying

—Vx - (a(x,y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Monte Carlo sampling (vanilla MC, Quasi-MC, Multilevel MC)
» effective and dimension independent

» estimating the moments of the solution

® ‘Surrogate’ approximations that are functions of parameters, u(x,y)~ ue.(x,y)
» [2(F) =span{¥W,: n €N} or span{V¥,:n=1,..., N} C L[2(F), NEN
» if u(x,y) € L3(T; Hy(D)). then

» candidates for W,: orthogonal polynomials, Lagrange basis functions, ...
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Parametric model problem: affine-parametric coefficient (1/2)

Problem formulation: find v : D x ' = R satisfying

—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

m  Affine-parametric diffusion coefficient
» [:=[-1,1]" ~ parameter domain
> a(x,y) = ao(x) + Zymam(x) forxe D, y=(Ym)men €T
meN

> 0<afi™ <ap(x) < ap™ <oco  foralmost all x € D

Z|am|

meN

> T =

<1 & ) amllix) < oo
)

1
min
4o L=(D meN

Remark: ao(x) typically represents the mean field, i.e., ao(x)= [- a(x, y)dm(y).
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Parametric model problem: affine-parametric coefficient (2/2)

Problem formulation: find v : D x ' = R satisfying

—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

» X:=Hg(D), P:=L3(T), 7(y) = [Lpew Tm(ym); Vi=L5(X)2XQP
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Parametric model problem: affine-parametric coefficient (2/2)

Problem formulation: find v : D x ' = R satisfying
—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

» X:=Hg(D), P:=L3(T), 7(y) = [Lpew Tm(ym); Vi=L5(X)2XQP
= Bilinear forms on V

> Bo(u,v):= /F/Dao(X)Vu(X,y)-Vv(x,y) dxdm(y)
» B(u,v):=Bo(u,v)+ Z /rym/Dam(X)Vu(x,y) - Vv(x,y)dxdm(y)

meN
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Parametric model problem: affine-parametric coefficient (2/2)

Problem formulation: find v : D x ' = R satisfying

—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Xi= Hi(D), B = L3N, () = lpen Tmlm)i Vo= 3N X) =X e P

m Bilinear forms on V
> Bo(u,v):= /r/D ao(xX)Vu(x,y) - Vv(x,y)dxdm(y)
» B(u,v):=Bo(u,v)+ Z /ym/ am(X)Vu(x,y) - Vv(x,y)dxdm(y)

meN

Weak formulation: given f € L?(D), find u € V such that

B(u,v) = F(v) = /r/D f(x)v(x,y)dxdm(y) forallveV (%)
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Parametric model problem: affine-parametric coefficient (2/2)

Problem formulation: find v : D x ' = R satisfying

—Vi - (a(x, y)Vxu(x,y)) = f(x) xeD, yerT,
u(x,y)=0 x€eoD, yerl

= Xi= Hi(D), B = L3N, () = lpen Tmlm)i Vo= 3N X) =X e P

m Bilinear forms on V
> Bo(u,v):= /r/D ao(xX)Vu(x,y) - Vv(x,y)dxdm(y)
» B(u,v):=Bo(u,v)+ Z /ym/ am(X)Vu(x,y) - Vv(x,y)dxdm(y)

meN

Weak formulation: given f € L?(D), find u € V such that

B(u,v) = F(v) = /r/D f(x)v(x,y)dxdm(y) forallveV (%)

[Schwab, Gittelson "T1]f the assumptions on a(x, y) ensure the wellposedness of (x).
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Stochastic Galerkin FEM (1/2)

®m  Finite dimensional subspace

Ve CVEX@P

Galerkin projection:

find ue € V, such that B(ue, va) = F(ve) forall v eV,
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Stochastic Galerkin FEM (1/2)

®m  Finite dimensional subspace
Ve CV 2 XQP
Galerkin projection:

find ue € V, such that B(ue, va) = F(ve) forall v eV,

= Galerkin orthogonality
B(u—uts,va) =0 forall vs €V,
m  Best approximation property

llu—uelll = min v = v ll, where | - || := B(-, )"
Ve EVe
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Stochastic Galerkin FEM (1/2)

®m  Finite dimensional subspace
Ve CV 2 XQP
Galerkin projection:

find ue € V, such that B(ue, va) = F(ve) forall v eV,

= Galerkin orthogonality
B(u—uts,va) =0 forall vs €V,
m  Best approximation property

llu—uelll = min v = v ll, where | - || := B(-, )"
Ve EVe

= Main question: how to choose V, ?
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Stochastic Galerkin FEM (2/2)

m {P,:v €7} is a countable orthonormal polynomial basis of P = L4(I)

m gPC expansion: V3 u(x,y) = Z u,(x)P,(y) with unique u, € X = Hy(D)

ved
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m {P,:v €7} is a countable orthonormal polynomial basis of P = L4(I)

m gPC expansion: V3 u(x,y) = Z u,(x)P,(y) with unique u, € X = Hy(D)

ved

B J:={vENY: #supp(v) < co} where supp(v) ={m € N: vy, #0}
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Stochastic Galerkin FEM (2/2)

m {P,:v €7} is a countable orthonormal polynomial basis of P = L4(I)

®m gPC expansion: V3 u(x,y) = Z U, (x)P,(y) with unique u, € X = Hy(D)

ved

B J:={vENY: #supp(v) < co} where supp(v) ={m € N: vy, #0}

Example
v=1(2,50,3,0,0,0...) ~ supp(v) ={1,2,4}

~ Pu(y) = Pa2(y1) Ps(y2) Ps(ya)
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Stochastic Galerkin FEM (2/2)

= {P,:v €7} is a countable orthonormal polynomial basis of P = [2(T)
m gPC expansion: V3 u(x,y) = Z u,(x)P,(y) with unique u, € X = Hy(D)
ved

m J:={vENy : #supp(v) < oo} where supp(v) ={m e N: vy # 0}

= Discretisation in the parameter domain
> finite index set Po CJ = P, =span{P, : v € P} C P = [2()
» semidiscrete approximation via truncation of gPC expansion

u(x,y) = Z u(x)P,(y) € X® P, with coefficients u, € X = Hy(D)

vEPe
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Stochastic Galerkin FEM (2/2)

= {P,:v €7} is a countable orthonormal polynomial basis of P = [2(T)
m gPC expansion: V3 u(x,y) = Z u,(x)P,(y) with unique u, € X = Hy(D)
ved

m J:={vENy : #supp(v) < oo} where supp(v) ={m e N: vy # 0}

= Discretisation in the parameter domain
> finite index set Po CJ = P, =span{P, : v € P} C P = [2()
» semidiscrete approximation via truncation of gPC expansion
u(x,y) =~ Z u,(x)P.(y) € X® P, with coefficients u, € X = Hg(D)
veDP,
m Discretisations in the physical domain
» A sequence of meshes ~ {Te }oep.

> u(x,y) = Z Uey(X)Pu(y) With e, € Xoy = Sg(7es) forall v € P,

vEDPe
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Stochastic Galerkin FEM (2/2)

= {P,:v €7} is a countable orthonormal polynomial basis of P = [2(T)
m gPC expansion: V3 u(x,y) = Z u,(x)P,(y) with unique u, € X = Hy(D)
ved

m J:={vENy : #supp(v) < oo} where supp(v) ={m e N: vy # 0}

= Discretisation in the parameter domain
> finite index set Po CJ = P, =span{P, : v € P} C P = [2()
» semidiscrete approximation via truncation of gPC expansion
u(x,y) = Z u(x)P,(y) € X® P, with coefficients u, € X = Hy(D)
vEDPe
m Discretisations in the physical domain
» A sequence of meshes ~ {Te }oep.
> u(xy) = Z Uew (X)Pu(y) With ey € Xy = S5(7ar) forall v € P,
vEPe

Vo= P [Xo @ span{P,}], dimV, = > dimX., (multilevel SGFEM)

vEDPe vEDPe

A. Bespalov * Multilevel adaptivity for stochastic FEMs 5/32



Hierarchical a posteriori error estimators: main ideas

® Pythagoras theorem: v eV, u. €Ve CV, T € V.oV, (enhanced approx.)

llu = e ll* = (u = To) + (T — ua) I = Il v =T I* + I To — us ||
———
computable
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llu = e ll* = (u = To) + (T — ua) I = Il v =T I* + I To — us ||
———
computable
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Hierarchical a posteriori error estimators: main ideas

® Pythagoras theorem: v eV, u. €Ve CV, T € V.oV, (enhanced approx.)

llu = e ll* = (u = To) + (T — ua) I = Il v =T I* + I To — us ||
———
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= |lu—ull = lte — ua |l (efficiency)
m Saturation assumption: 3 gsat € (0, 1) such that |[|u—Te || < Gsatlll v — e ||
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Hierarchical a posteriori error estimators: main ideas

® Pythagoras theorem: v eV, u. €Ve CV, T € V.oV, (enhanced approx.)

Il = ue I = [l (u = To) + (@ = w) 17 = Il =T [I” + I Te — ue I
—_

computable
= |lu—ull = lte — ua |l (efficiency)
m Saturation assumption: 3 gsat € (0, 1) such that |[|u—Te || < Gsatlll v — e ||
m  Pythagoras theorem & saturation assumption imply that

llu—uell < (1= q2e) 2 ITe — ua [l (reliability)

= [Bank, Weiser ‘85 decomposition Vs = V. & W,

—> hierarchical error estimation without computing

enhanced approximations Ts
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Enhancement of SGFEM approximations (1/2)

m  Enhancement of approximations in physical domain

> initial mesh 7o

» add new vertices to 7 ~> mesh refinement

» mesh refinement by newest vertex bisection (NVB)

» 7. ~ uniform refinement of 7e Te
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Enhancement of SGFEM approximations (1/2)

m  Enhancement of approximations in physical domain

> initial mesh 7o

» add new vertices to 7 ~> mesh refinement

» mesh refinement by newest vertex bisection (NVB)

» 7. ~ uniform refinement of 7e Te

= Enhancement of approximations in the parameter domain
» add new indices to P,
» finite set Qo C J\ Pe ~~ detail index set (‘boundary’ of P,)
» P, =P, UQ. ~ uniform enrichment of P,
» P, =span{P,:ve P} DOP,

Example
» P.={(0,0,...);(1,0,...);(0,1,0,...)}
= 9. ={(2,0,...);(1,1,0,...);(0,2,0,...);(0,0,1,0,...)}
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Enhancement of SGFEM approximation (2/2)

m Two sources of error: || u— s |||* = (X-errors)? + (P-error)?
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Enhancement of SGFEM approximation (2/2)

m Two sources of error: || u— s |||* = (X-errors)? + (P-error)?
m Choice of V. such that ||| u — e || ~ ||| Te — ue ||| with Te € Vi ?

m  Enhanced approximation space v.

b, _Fraetorius, Ruggeri; SIAM/ASA JUQ 21

Vo= P X @span{P}] @ @D [Xo @ span{P,}]

veEPe vEQe

spatial enhancement  parametric enhancement
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Enhancement of SGFEM approximation (2/2)

m Two sources of error: || u— s |||* = (X-errors)? + (P-error)?
m Choice of V. such that ||| u — e || ~ ||| Te — ue ||| with Te € Vi ?

m  Enhanced approximation space v.

b, _Fraetorius, Ruggeri; SIAM/ASA JUQ 21

Vo= P X @span{P}] @ @D [Xo @ span{P,}]

veEPe vEQe

spatial enhancement  parametric enhancement

m Recap: || u— te || 2 ||| To — ue |||, but we want to avoid computing Te € Va !
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A posteriori error estimation: spatial and parametric estimators

m  Two-level spatial error estimator
Viund ephan, Wellle 98 \/ d D 99

» Fix a multiindex v € P,

» N, ~ set of interior midpoints in Ts., T,

> @uy- € Ko, ~ hat function associated with z € N&, +

|F((ﬁ-,u,zPu) - B(U-, a-,u,zpu)|2

/2~
362V @az 122

> (X-errors)’ = Z Z na(v, 2) Tew

vePe ze N,

> 'r)f(u, z) =
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A posteriori error estimation: spatial and parametric estimators

m  Two-level spatial error estimator
Viund ephan, Wellle 98 \/ d D 99

» Fix a multiindex v € P,

» N, ~ set of interior midpoints in Ts., T,

> @uy- € Ko, ~ hat function associated with z € N&, +

|F((5- uzPu) - B(U-,(,/B-,L/,ZPL/”2
”al/Zva‘JAZ”iZ(D)

(X-errors)? Z Z na(v, 2) Tew

vePe ze N,

> 'r)f(u, z) =

v

®m  Hierarchical parametric error estimator
|B., Silvester IEI b, _Fraetorius, kuggeri; SIAM/ASA JUQ 21§

> (IP’-error Z n.

vE€Qe
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A posteriori error estimation: main results

ILB.._Fraetorius, Ruggeri; SIAM/ASA JUQ 21]

® 7 = (estim. X-errors)® + (estim. P-error)® = Z Z (v, z) + Z na(v)

vePe zeN, vEQe

Theorem 1 (equivalence of total error estimate and error reduction)
There exists C = C(ao, 7, To) > 1 such that

C'n2 < ||t —we || < Cm2
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A posteriori error estimation: main results

ILB.._Fraetorius, Ruggeri; SIAM/ASA JUQ 21]

® 7 = (estim. X-errors)® + (estim. P-error)® = Z Z (v, z) + Z na(v)

vePe zeN, vEQe

Theorem 1 (equivalence of total error estimate and error reduction)
There exists C = C(ao, 7, To) > 1 such that

C'n2 < ||t —we || < Cm2

Corollary (efficiency & reliability)

B lu—uwllP>C'nl (efficiency)

% n?  (reliability)

sat

® saturation assumption = ||u—uw[® <
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A posteriori error estimation: main results

ILB.._Fraetorius, Ruggeri; SIAM/ASA JUQ 21]

® 7 = (estim. X-errors)® + (estim. P-error)® = Z Z (v, z) + Z na(v)

vePe zeN, vEQe

Theorem 1 (equivalence of total error estimate and error reduction)
There exists C = C(ao, 7, To) > 1 such that

C'n2 < ||t —we || < Cm2

Remark
» 7.(v, z) is associated with an interior edge midpoint z € N, for each v € P,
> 7.(v) is associated with a new index v € Q,

These are local error reduction indicators for
spatial refinement / parametric enrichment =—> key to adaptivity
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Adaptive SGFEM algorithm

INPUT: initial mesh 7o, initial index set Po = {(0,0,...)}, tolerance tol
FOR{¢=0,1,2,3,... DO:

m SOLVE: compute u; € V, for index set P, and meshes Tg, (v € Py)

m ESTIMATE: compute /ocal error indicators and the total error estimate

» spatial & parametric indicators
{me(v. 2); ze NG, veP} & {m(v);, veQ}

> energy error estimate 7
» IF my < tol THEN STOP

® VMARK: mark certain vertices My, C [,/ (v € P;) and indices Ry, C Q,
m REFINE: enhance approximation space
» mesh refinement (NVB) ~» Tgi1,, = refine(Teu, M) Vv € Py

» parametric enrichment ~» Pp1 = Po URy, Tow =To YV ER,

QUTPUT: stochastic Galerkin approximations {u;} and error estimates {n,}
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Convergence results

IB., Praetorius, Rocchi, Ruggeri; SINUNM "194

IB., Praetorius, Ruggeri; arXiv preprint "22f

Theorem 2 (plain convergence)

For any marking threshold 6 € (0, 1] (in Dorfler marking), adaptive multilevel
SGFEM algorithm yields a convergent sequence of error estimates, i.e.,
M — 0 as £ — co.
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Convergence results

IB., Praetorius, Rocchi, Ruggeri; SINUNM "194

IB., Praetorius, Ruggeri; arXiv preprint "22f

Theorem 2 (plain convergence)

For any marking threshold 6 € (0, 1] (in Dorfler marking), adaptive multilevel
SGFEM algorithm yields a convergent sequence of error estimates, i.e.,
M — 0 as £ — co.

Theorem 3 (linear convergence)

For any marking threshold 6 € (0, 1], saturation assumption = linear convergence

3q € (0,1) suchthat ||u— || < gllu— ]| forall £e€ Ny
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Experiment 1: cookie problem

" V- (aVu)=finDxT, u=00ndDxT
na(x,y) = ao(x) + Y Ymam(x)
meN

m D =(0,1)* ~ square domain
» nine circular inclusions D, C D (m=1,...,

9)
m  Expansion coefficients {am}men,
> =1 @
» am=0.5Xp, form=1,3,7,9
> am=0.7Xp,, form=2,4,6,8 . . ‘
> am=0.9Xp, form=5
> an=0 for m>9 .
B f=1 D

8 d7ym(yYm) = £ dym ~ uniform probability measure on [—1, 1]
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Experiment 1: rate optimality of adaptive ML-SGFEM

T T T TS T T T T Tl T T T TTTTT T T T T T T T T T TTTTT T
N —A— adaptive SL-SGFEM
: N —A— adaptive ML-SGFEM |
- O(N71/3)
10—2 - O(N_l/Q)
© L
4&’ [
£ i
|
S
5 [
1073 |-
:\\\HH\ Ll Lol

103 104 10° 108 107
degrees of freedom
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Experiment 1: locally refined meshes in ML-SGFEM

v =(00...0) v=(10..0) v=(010...0) v=(000010...0)
#Tg,» = 84050 #T,, = 10994 #Tp., = 16420 #Tp., = 9528

v=(10010...0)
#Tg, = 839
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Optimal convergence of adaptive multilevel SGFEM

IB.._Fraetorius, Ruggeri; IMA J. Numer. Anal. 22}

= Concept of ‘multilevel structure’ ~» Py = [Ps, (Tav)vep.], #Po =~ dimV,
m Concept of ‘multilevel refinement’ ~» P, = REFINE(P,, M.,)
m  Concept of optimality ~~ approximation class As (s > 0)

uehs, — 3I{P such that || u— u; ||| = O((dimV;)™°)

}ZENO
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Optimal convergence of adaptive multilevel SGFEM

IB.._Fraetorius, Ruggeri; IMA J. Numer. Anal. 22}

= Concept of ‘multilevel structure’ ~» Py = [Ps, (Tav)vep.], #Po =~ dimV,
m Concept of ‘multilevel refinement’ ~» P, = REFINE(P,, M.,)
m  Concept of optimality ~~ approximation class As (s > 0)

UEA, <+— 3 {]Pz}eeNo such that || u— u; ||| = O((dimV;)™°)

Theorem 4 (rate optimality of adaptive multilevel SGFEM)

For sufficiently small marking threshold 6, strong saturation assumption =
optimal convergence

If s>0 and u€ A, then sup(#P, — #Po + 1)° || u— we ||| < Cllullas
LeNy
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Saturation assumption vs. strong saturation assumption

®m  Saturation assumption
» SGFEM solution ue € V,

» Enhanced (‘uniformly refined’) SGFEM solution T € V.

» There exist a constant gsat € (0,1) s.t. ||| u—Te || < Gsatlll v — te ||
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Saturation assumption vs. strong saturation assumption

®m  Saturation assumption
» SGFEM solution ue € V,

» Enhanced (‘uniformly refined’) SGFEM solution Ts € V.

» There exist a constant gsat € (0,1) s.t. ||| u—Te || < Gsatlll v — te ||
m  Strong saturation assumption

» P, € REFINE(Py) ~» any multilevel structure obtained from Pq

» P, € REFINE(P,) ~» a refined multilevel structure obtained from P,

» P, := REFINE(P,, M,) ~» a multilevel structure obtained from P, by
one step of multilevel refinement towards PP,

» There exist constants 30 < Ksat < Gsay < 1 such that

o= wll < kst llu—uelll = [lv—tolll < goar [l v — e |l
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Parametric model problem revisited

Problem formulation: find v : D x ' = R satisfying

—Vx-(a(x,y)Vxu(x,y)) = f(x,y) xeD,yer,
u(x,y)=0 xeodD, yerl

m Parametric diffusion coefficient
» :=[-1,1]" ~ parameter domain, M € N

» 0 < amin <essinfa(x,y) <esssupa(x,y) < amax < 0o 7-a.e. on [
xebD xeD
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Parametric model problem revisited

Problem formulation: find v : D x ' = R satisfying

=V (a(x,y)Vxu(x,y)) = f(x,y) xeD, yerT,
u(x,y)=0 xeodD, yerl

m  Parametric diffusion coefficient
» :=[-1,1]" ~ parameter domain, M € N

» 0 < amin <essinfa(x,y) <esssupa(x,y) < amax < 0o 7-a.e. on [
xeDb xeD

® Weak formulation: given f € L2(T, L3(D)), find u: T — X := H}(D) s.t.

/ a(x,y)Vu(x,y) - Vv(x)dx :/ f(x,y)v(x)dx VveX, m-ae onT.
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Parametric model problem revisited

Problem formulation: find v : D x ' = R satisfying

—Vx-(a(x,y)Vxu(x,y)) = f(x,y) xeD,yer,
u(x,y)=0 xeodD, yerl

m Parametric diffusion coefficient
» :=[-1,1]" ~ parameter domain, M € N

» 0 < amin <essinfa(x,y) <esssupa(x,y) < amax < 0o 7-a.e. on [
xebD xeD

® Weak formulation: given f € L2(T, L3(D)), find u: T — X := H}(D) s.t.

/Da(x,y)Vu(x,y) -Vyv(x)dx = /D f(x,y)v(x)dx VveX, mae onl.

= [Babuska,_Nobile, Tempone 07} 3'u € V := L2(T; X).
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Sparse grid stochastic collocation FEM

= Sampling the PDE inputs at a sparse grid Vs = Y, of collocation points in I’
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Sparse grid stochastic collocation FEM

= Sampling the PDE inputs at a sparse grid Vs = Y, of collocation points in I’

m Solving decoupled discrete problems: for each z € Y, find u., € X, satisfying

/Da(x,z)Vu.z(X)~Vv(x)dx = /D f(x,z)v(x)dx Vv € X, := S5(Tez) C Ho (D)
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Sparse grid stochastic collocation FEM

= Sampling the PDE inputs at a sparse grid Vs = Y, of collocation points in I’

®m  Solving decoupled discrete problems: for each z € Y., find u., € X, satisfying

/Da(x,z)Vu.z(X)~Vv(x)dx = /D f(x,z)v(x)dx Vv € X, := S5(Tez) C Ho (D)

= Building a multivariable interpolant

U.SC(X,y) = Z UOZ(X)LOZ(y)'

z€Ye

{L.Z(y) 1z € 3).} — multivariable Lagrange basis functions associated with ),
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Sparse grid stochastic collocation FEM

= Sampling the PDE inputs at a sparse grid Vs = Y, of collocation points in I’

®m  Solving decoupled discrete problems: for each z € Y., find u., € X, satisfying

/Da(x,z)Vu.z(X)~Vv(x)dx = /D f(x,z)v(x)dx Vv € X, := S5(Tez) C Ho (D)

= Building a multivariable interpolant

U.SC(X,y) = Z UOZ(X)LOZ(y)'

z€Ve
{L.Z(y) 1z € 3).} — multivariable Lagrange basis functions associated with ),
= Main features of the stochastic collocation FEM (SC-FEM)
» a sampling method that generates ‘surrogate approximations’
» single-level (X, = Xo Vz € )W) vs. multilevel (Xo; # X, for z # 2)

» not a projection method ~~ no (global) Galerkin orthogonality

A. Bespalov * Multilevel adaptivity for stochastic FEMs 19/32



Hierarchical a posteriori error estimation in SC-FEM (1/2)

1B oilvester, Xu 22]} [B., oSilvester 23]

V=L H(D)), - l=1-llv
B An enhanced SC-FEM approximation 0S¢ satisfying the saturation property
lu = TN < Guatllu — uZ°|| with geae € (0, 1)

m This gives a reliable error estimate

71 —~ ol
Ju—udCl < (1= qear) [T° — ud|

® How to choose the enhanced approximation u°¢7?
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Hierarchical a posteriori error estimation in SC-FEM (2/2)

Recall that uS°(x,y) = Z Uez(X) Lez(y)

2€Ys
n B00y) = Y D) Ll +(Zuoz C S ) Lo )
z€)e 2€Y z€Ye
—_—
spatial enhancement parametric enhancement

> T, € Xo, (uniform mesh-refinement) ¥z € Yo = V.
» V= Vi, with Ao = Ao U R(A.) ~ A. is monotone!

> (%), Uoy (%) € Xo 1= S85(To) Yz€ V. and vz e,
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Hierarchical a posteriori error estimation in SC-FEM (2/2)

Recall that uS°(x,y) = Z Uez(X) Lez(y)

z€)e

- SC(X y Z Uez X) Loz —+ ( Z UOZ’(X) Z,Z/(y) — Z UOZ(X) L.z(y)>

z€Ye 2/€Ps z€Ye

spatial enhancement parametric enhancement

m A posteriori error estimate

)

1 ~SC _ SC
u—ud ||_17HU. —ug ||
Qsat
1 R —
< T—— ( ’ > (e = o) Lug|[+]] D (uoz/ -> quL.z(z’)) L,
Gsat z€Ve 2€Ye\Ve z€)e
spatial estimate parametric estimate
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Hierarchical a posteriori error estimation in SC-FEM (2/2)

Recall that uS°(x,y) = Z Uez(X) Lez(y)

2€Ys
u SC(X y Z Uez X) Loz + ( Z Uz (X) Loz/(y) - Z UOZ(X) Luz(y)>
z€)s 2/€Y. z€)e
spatial enhancement parametric enhancement

m A posteriori error estimate

1 ~sC SC
lu—ud ||_17HU. —ul
Qsat
1 - —
<t ( ’ > (e = o) Lug|[+]] D (uoz/ -> quL.z(z’)) Loy )
Gsat z€Ve 2€Ye\Ve 2€)s
spatial estimate parametric estimate

®  Error indicators (e.g., spatial error indicators fi.;)

Z(a'z - U'Z) Le| < Z”UOZ — Uezlx HLOZHLZ,(F) S Z ooz HLOZHL%(F)

z€Y FASR2 zE€Ye

He =
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Adaptive multilevel SC-FEM algorithm

INPUT: Ao = {1}; Tor:=To Vz € Yo = YaoUr(Ao): Output counter k; tolerance tol
FOR£=0,1,2,3,... DO:
= SOLVE: compute ug € Xy, for all z € 374 = yxe = YAnUR(A)
m ESTIMATE: compute error indicators
» spatial indicators wg, for all z € Y,
» parametric indicators 7y, for all v € R(Az)
» |If £ = jk,j € N, compute the total error estimate 7, and exit if 7y < tol
® MARK: mark certain edges/elements My, (z € ;) and indices T, C R(A)
m REFINE: enhance approximations
» mesh refinement (NVB) ~+ T(o11), = refine(Te, My.) for all z € Y

> parametric enrichment ~ Agy1 := Ay U T, and construct meshes 7(g1),
for each new collocation point z’

OUTPUT: SC-FEM approximation ufC and the error estimate 7+ for some £* = jk
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Parametric enrichment

®m  Parametric enrichment ~> Agi1 := AU Ty
Key issue: allocation of meshes 71)» for each new collocation point z
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Parametric enrichment

®m  Parametric enrichment ~> Agi1 := AU Ty
Key issue: allocation of meshes 71)» for each new collocation point z

® Set tol := (#V2) " X oey, beellLiesnellizg)
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Parametric enrichment

®m  Parametric enrichment ~> Agi1 := AU Ty

Key issue: allocation of meshes 7(;1) for each new collocation point z

® Set tol := (#) 2 zey, HezllLiesnyell 2y

m For each new collocation point z’
> Initialise the mesh T 1y == To

» lterate the standard adaptive loop
SOLVE — ESTIMATE — MARK — REFINE

until the resolution of the mesh 7 1), is such that

ties e | Ligrne Il 2y < tol
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Experiment 2: nonaffine parametric coefficient

B —V-(aVu)=1inDxT, u=00ondDxT

= D:=(-1,1)>\(~1,0]* ~ L-shaped domain D

A. Bespalov * Multilevel adaptivity for stochastic FEMs 24 /32



Experiment 2: nonaffine parametric coefficient

B —V-(aVu)=1inDxT, u=00ondDxT

= D:=(-1,1)>\(~1,0]* ~ L-shaped domain D

= Diffusion coefficient a(x,y) = exp(h(x,y))

» h(x,y)=1+ Z VA @m(X) yim

> {(Am. om(x))}_, are the eigenpairs of / Cov[h](x, x") o(x") dx’

DU(—1,0]2

> Covlhl(x. x') = 0% exp (—xi — x| — Iz = 33])
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Experiment 2: nonaffine parametric coefficient

B —V-(aVu)=1inDxT, u=00ondDxT

" D:=(~1,1)2\ (~1,0] ~ L-shaped domain D

= Diffusion coefficient a(x,y) = exp(h(x,y))

> /’I(X,y) =1+ Z Am (pm(X)ym

m=1

» {(Am @m(x))},_, are the eigenpairs of / Cov[h](x, x") o(x") dx’

DU(—1,0]2

> Covlhl(x. x') = 0% exp (—xi — x| — Iz = 33])

m  Adaptive stochastic collocation FEM (Clenshaw—Curtis collocation points)
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Experiment 2: effectivity and robustness of error estimates (1/2)

M=4|0=05

M=8|o=05
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—o— total error estimates —a— effectivity indices
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Experiment 2: effectivity and robustness of error estimates (2/2)

M=4|0=05 M=4|o=15
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Experiment 2: single-level vs. multilevel refinement

100

H
9
L

estimated errors

—
S
|
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single-level | M=4, 0=15
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Experiment 3: one peak problem

|Rornﬁu5er, Youett lgl ILLang, >cheichl, Silvester 20]
V= f(x,y)inDxT, u=gondDxT

B D:=(—447° T=[-L1 y= (1 y). n. y2 ~ U[-1,1]
mou(x,y) =exp (— 2{a()(xa — ) + (e — y2)?}) with a(y1) = (9 + 11)/2
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Experiment 3: one peak problem

[Rornhuber, Youett 18] ILLang, >cheichl, Silvester 20]
= —Veu=f(x,y)inDxT, u=gondDxT
D= (=447, T=[-11F y= (1 ) n v~ U[-1,1]
= u(xy) =exp (= g {a(n)(a —n)® + (e — y2)*}) with a(y1) = (9 + 11)/2

y1 = —0.88, yo = —0.88 Y1 = —0.88, o = —0.88
1
0.5
¢ .
4
0 4
-4 4 0
y1 = 0.88, y» = 0.88 y1 = 0.88, y» = 0.88
1
O 0.5
0
4
0 o 4
4 4
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Experiment 3: one peak problem

[Rornhuber, Youett 18] ILLang, >cheichl, Silvester 20]
= —Veu=f(x,y)inDxT, u=gondDxT
D= (=447, T=[-11F y= (1 ) n v~ U[-1,1]
= u(xy) =exp (= g {a(n)(a —n)® + (e — y2)*}) with a(y1) = (9 + 11)/2

Expectation

-4 4
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Experiment 3: one peak problem

|Rornﬁu5er, Youett lgl ILLang, >cheichl, Silvester 20]
= —VPu=f(x,y)inDxT, u=gondDxT

B D= (—44)2T=[-1,12y= 01 o). y1, yo ~ U[-1,1]
mu(x,y) =exp (= B{aln)(xa —n)* + (e = y2)°}) with a(y1) = (9 +11)/2
®m Dirichlet b.c. for sampled FEM approximations: te; =0 Vz € Vs

m  Reference Qol

Q::/F/D(u(x,y))dedﬂ(y):O.24152872...
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Experiment 3: one peak problem

|Rornﬁu5er, Youett lgl ILLang, >cheichl, Silvester 20]
= —VPu=f(x,y)inDxT, u=gondDxT

B D= (—44)2T=[-1,12y= 01 o). y1, yo ~ U[-1,1]
mu(x,y) =exp (= B{aln)(xa —n)* + (e = y2)°}) with a(y1) = (9 +11)/2
®m Dirichlet b.c. for sampled FEM approximations: te; =0 Vz € Vs

m  Reference Qol

Q::/F/D(u(x,Y))dedﬂ(y):O.24152872...

®  Adaptive stochastic collocation FEM (Clenshaw—Curtis collocation points)

» single-level vs. multilevel refinement
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Experiment 3: single-level vs. multilevel refinement (1/2)

estimated error

-
o
=}

10-1

O(dof 71/?)

T 1T

Qol error

104 109 100
degrees of freedom (dof)

107

T T 1Ty

Lt

—»— single-level

—o— multilevel

104 10° 100 107
degrees of freedom (dof)
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Experiment 3: single-level vs. multilevel refinement (2/2)

single-level SC-FEM multilevel SC-FEM
# iterations 38 34
# collocation points 169 153
final #dof 42'961'659 2'620'343
|Q(u) — Q(u®9)] 4.736e-5 1.381e—4
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Experiment 3: single-level vs. multilevel refinement (2/2)

single-level SC-FEM

# iterations 38
# collocation points 169
final #dof 42'961'659
|Q(u) — Q(u®9)] 4.736e-5

A N NS NS

single-level mesh Te,
mesh ¢ z=(0,0)

multilevel SC-FEM
34
153
2'620'343
1.38le—4
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Conclusions, extensions and outlook

®m  For multilevel stochastic Galerkin FEM
» exploiting Galerkin orthogonality & properties of orthogonal polynomials
» novel reliable and efficient a posteriori error estimates
» rate optimal adaptive algorithms for PDEs with affine-parametric inputs

» extensions: goal-oriented adaptivity; parameter-dependent linear elasticity
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Conclusions, extensions and outlook

®m  For multilevel stochastic Galerkin FEM
» exploiting Galerkin orthogonality & properties of orthogonal polynomials
» novel reliable and efficient a posteriori error estimates
» rate optimal adaptive algorithms for PDEs with affine-parametric inputs

» extensions: goal-oriented adaptivity; parameter-dependent linear elasticity

m For multilevel stochastic collocation FEM
» reliable, effective and robust a posteriori error estimation strategy
» applicable to problems with affine and nonaffine parametric inputs
» practical error indicators for multilevel adaptivity
» optimal convergence rates do not seem to be feasible in general

» optimal rates can be recovered for problems with parameter-dependent
local spatial features

» outlook: convergence analysis, goal-oriented adaptivity, ...
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