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Non-convergence of Euler-Maruyama

Motivating example
ODE with non-globally Lipschitz coefficient:

X'(t)y==x3(t), t>0.

x(t) = 0 is globally asymptotically stable.
Explicit Euler discretisation:

Xnp1=Xp—hX3, neN.
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Non-convergence of Euler-Maruyama

Motivating example
ODE with non-globally Lipschitz coefficient:

X'(t)y==x3(t), t>0.

x(t) = 0 is globally asymptotically stable.
Explicit Euler discretisation:

Xnp1=Xp—hX3, neN.

e X, =0 locally asy. stable: xg € (—\/Z/h, \/2/h),
. {—\/2//1, \/2/h} an unstable 2-cycle.
o IM_yo | Xn| = o0 iff Xo € <—oo, —\/2//7) U <\/2/h, oo);
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Non-convergence of Euler-Maruyama

Motivating example
ODE with non-globally Lipschitz coefficient:

X'(t)y==x3(t), t>0.

x(t) = 0 is globally asymptotically stable.
Explicit Euler discretisation:

Xnp1=Xp—hX3, neN.

Xn = 0 locally asy. stable: xy € (—\/Z/h, \/2/h),
{—\/2//7, \/2/h} an unstable 2-cycle.
M0 | Xn| = 00 iff Xo € <—oo, —\/2//7) U <\/2/h, oo);

Scheme converges on [0, T] as h — 0, but new
dynamics for fixed h > 0.
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Non-convergence of Euler-Maruyama

Introducing a stochastic perturbation
Let B be a standard Brownian motion. The stochastic
differential equation
dX(t) = —X(t)® + dB(t), t>0.
has Euler-Maruyama approximation

Xnr1 = Xp— X3 + (B((n+1)h) — B(nh)), neN.
N(0,h)
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Non-convergence of Euler-Maruyama

Introducing a stochastic perturbation
Let B be a standard Brownian motion. The stochastic
differential equation
dX(t) = —X(t)® + dB(t), t>0.
has Euler-Maruyama approximation

Xni1 = Xp— X3 + (B((n+1)h) — B(nh)), neN.
N(0,h)

The perturbation may push trajectories out of the basin of

attraction (—\/Z/h, \/2/h). Problem!
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Non-convergence of Euler-Maruyama

Euler-Maruyama blows up asymptotically
On [0, c0), with fixed step size h > 0:
Mattingly, Stuart, Higham, 2002:

e Pathwise instability with positive probability:
P[|Xn| > 2"/V/h, for all n € N] > 0;
e Second moment instability:

lim E[|X,]?] = oo.
n—oo
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Non-convergence of Euler-Maruyama

Euler-Maruyama blows up asymptotically
On [0, c0), with fixed step size h > 0:
Mattingly, Stuart, Higham, 2002:

¢ Pathwise instability with positive probability:
P[|Xn| > 2"/V/h, for all n € N] > 0;
e Second moment instability:
lim | X [?] = co.

Milstein & Tretyakov, 2005:
¢ Modified scheme: discard trajectories that leave a
sufficiently large sphere;
e Weak convergence on [0, T] for non-globally Lipschitz
coefficient equations.
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Non-convergence of Euler-Maruyama

Weak and strong convergence
aX(t) = f(X(t))dt + g(X(t))dW(t), t>0.
Euler-Maruyama approximation:

Xnp1 = Xn + hf(Xn) + 9(Xn) (Wini1yn — Wan), neN.

e Weak convergence with order + if there exists C € R
such that

[E[p(X(T))] - Elp(Xn)]|| < Ch

for any sufficiently smooth p.
e Strong convergence at time T with order 3 in L, if there
exists p € [1, c0) and constants Cp, 3 > 0 such that

E[IX(T) = Xn[[P])'P < Coh®.
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Non-convergence of Euler-Maruyama

Euler-Maruyama does not converge
On [0, T], with decreasing step size h= T/N:

dX(t) = f(X(£))dt + g(X(1))dW(t), t> 0.

Euler-Maruyama approximation:

X1 = Xn + hf(Xn) + g(Xn)(Wins1yn — Wan), neN.
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Non-convergence of Euler-Maruyama

Euler-Maruyama does not converge
On [0, T], with decreasing step size h= T/N:

dX(t) = f(X(£))dt + g(X(1))dW(t), t> 0.

Euler-Maruyama approximation:
X1 = Xn + hf(Xn) + 9(Xn)(Wins1)yh — Wan), neN.

If either f or g
¢ are not globally Lipschitz continuous;
¢ and satisfy a polynomial growth condition,

No weak or strong-convergence (Hutzenthaler, Jentzen,
Kloeden, 2011):
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Non-convergence of Euler-Maruyama
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Adaptive timestepping

Example: control stability via local dynamics

Explicit Euler-Maruyama for dX(t) = —X()® + dB(t):
Xop1 = Xnp—hX2 + AW,q, neN.

Unperturbed equation: basin of attraction (—/2/h, \/2/h).

Strategy: when trajectory escapes the basin of attraction,
increase it by choosing h sufficiently small.



Introduction

oe
Adaptive timestepping

Example: control stability via local dynamics

Explicit Euler-Maruyama for dX(t) = —X()® + dB(t):
Xop1 = Xnp—hX2 + AW,q, neN.

Unperturbed equation: basin of attraction (—/2/h, \/2/h).

Strategy: when trajectory escapes the basin of attraction,
increase it by choosing h sufficiently small.

Suggests

C
At = ——— .
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A square-root diffusion SDE

Cox, Ingersoll, and Ross, 1985
Linear drift and square-root diffusion:

dX(t) = (0 — X(1)) dt + o/X(D)dW(2), t € [0, T].

e Long run mean: 0 > 0;
e Speed of reversion: x > 0;
¢ Stochastic intensity: o > 0;
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A square-root diffusion SDE

Cox, Ingersoll, and Ross, 1985
Linear drift and square-root diffusion:

dX(t) = (0 — X(1)) dt + o/X(D)dW(2), t € [0, T].

Long run mean: 6 > 0;

Speed of reversion: k > 0;
Stochastic intensity: o > 0;
Solutions a.s. nonnegative.

Theorem (Feller's condition)
Solutions are a.s. positive when X(0) = Xp > 0 and

2k0 > o2,
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Why discretise the CIR model?
Applications in finance:
o Feller condition: interest rate modelling;
e Qutside Feller condition: stochastic volatility modelling;
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Why discretise the CIR model?

Applications in finance:
o Feller condition: interest rate modelling;
e Outside Feller condition: stochastic volatility modelling;
Exact sampling difficult:
¢ No analytic solution available in terms of W;
e X(1)|X(s), 0 < s < t: non-central chi-square
distribution;
¢ Exact sampling for Monte Carlo estimation possible if W
is uncorrelated, but numerically inefficient;

¢ Stochastic volatility models (e.g. Heston) use CIR in a
vector SDE system with correlated noises.
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Why discretise the CIR model?

Applications in finance:

o Feller condition: interest rate modelling;

e Outside Feller condition: stochastic volatility modelling;
Exact sampling difficult:

¢ No analytic solution available in terms of W;

o X(1)|X(s), 0 < s < t: non-central chi-square
distribution;

¢ Exact sampling for Monte Carlo estimation possible if W
is uncorrelated, but numerically inefficient;

¢ Stochastic volatility models (e.g. Heston) use CIR in a
vector SDE system with correlated noises.

The challenge for strong numerical approximation:
« Diffusion coefficeint o+/X: non-Lipschitz, even locally.
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The Heston stochastic volatility model

The spot price of an asset satisfies

dS(t) = rS(t)dt+/ V(1) S(t)(v/1 — p2dW (1) + pdW B (1)),

with volatility process

dV(t) = AV(t)(p — V(1))dt + o/ V(t)dW@)(1).

o f(v) = Auv — \V?, g(v) = bov'/2: non-Lipschitz;
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The Heston stochastic volatility model

The spot price of an asset satisfies

dS(t) = rS(t)dt+/V()S(t)(v/1 — p2dW(t) + pdW3(t)),

with volatility process

dV(t) = AV(t)(p — V(1))dt + o/ V(t)dW@)(1).

o f(v) = Auv — \v?, g(v) = bov'/2: non-Lipschitz;
e Explicit Euler-Maruyama method does not converge
(strongly/weakly);

e Strong convergence required for multi-level Monte Carlo
approximation of E [A(S))].
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Sources of error
Estimate value of derivative with payoff At written on S with
risk-free rate r via Monte Carlo approximation of

Eq e~ 1N r(s)ds/\T}
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Sources of error
Estimate value of derivative with payoff At written on S with
risk-free rate r via Monte Carlo approximation of

Eq e~ 1N r(s)ds/\T}

The overall error associated with a sample size of M is

Sampling error  +  Numerical approximation error.

 Sampling error depends on M (and is O(1/v/M));
e Numerical approximation error depends on N. Order of
strong/weak convergence.

e Variance reduction (e.g. MLMC) may require strong
convergence.
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Approach 1: Direct approximation of CIR

Fully truncated Euler method

X1 = Xp+ he(6 — max{X,.0}) + o/ max{X,, 0} AW,,
X1 = max{X,,1,0}.

¢ Maintains non-negativity by truncating at zero.
o Widely used in practice.
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Approach 1: Direct approximation of CIR

Fully truncated Euler method

X1 = Xn+ he(6 — max{X,,0}) + o/ max{X,, 0} AW,, 1
X1 = max{Xp,1,0}.

Maintains non-negativity by truncating at zero.
Widely used in practice.

Lord, Koekkoek, and Van Dijk (2010): Strong L4
convergence, no rate.

Cozma & Reisinger (2020): Strong L, convergence,
rate 1/2 when

0
2k > 30° for 2§p<2i2—1.
g
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Approach 2: Approximation of transformed CIR

Drift-implicit square-root Euler method
dX(t) = k(0 — X(t)) dt + o/ X(£)dW(t), t € [0, T].
o Apply the transform Y = v/X to get
«

dy(t) = (Y(t) + ﬁY(t)) dt +~dW;, t € [0, T],

where o = (4k — 02)/8, B = (—4k/8), v = o/2.
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Approach 2: Approximation of transformed CIR

Drift-implicit square-root Euler method
dX(t) = k(0 — X(t)) dt + o/ X(£)dW(t), t € [0, T].

o Apply the transform Y = /X to get

70)

where o = (4k — 02)/8, B = (—4k/8), v = o/2.

e Drift f(y) = a/y + By is not globally Lipschitz
continuous. Satisfies a one-sided Lipschitz condition:

ay(t) = (a + /SY(t)) dt +~dWs, t [0, T],

(f(x) = f(y),x —y) < Clx — y?, forall x,y € R*.

e Diffusion g(y) = ~ is constant.
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Approach 2: Approximation of transformed CIR

Drift-implicit square-root Euler method

With a uniform step size h > 0,

«

Y1 =Yk+<y

+5Yk+1) h+ 7AW, keN
k-+1
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Approach 2: Approximation of transformed CIR

Drift-implicit square-root Euler method

With a uniform step size h > 0,

«

Y1 =Yk+<y

+6Yk+1) h+ 7AW, keN
k-+1

has unique positive solution

k € N.

Y _ Yk + ’yA Wn+1 n (Yk + ’}/A Wn+1 )2 " ah
KT 21 = Bh) 4(1 = Bhy2 1—8h’

e Initial value Yy = /X(0);
o Invert transform: Xy = YZ;



The Cox-Ingersoll-Ross process od es ENEWEINETS

000000080000

Approach 2: Approximation of transformed CIR

Drift-implicit square-root Euler method

Let2k\ > o2. For all

there exists a constant K, > 0 such that

_ 1/p
E X(t) = X;|P <K, -h
(| max ixo -] ) " <

where X; is continuous-time extension of Xj.
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Approach 2: Approximation of transformed CIR

Drift-implicit square-root Euler method

Let2k\ > o2. For all

1< Bt
_,0<302

there exists a constant K, > 0 such that

" 1/p
E X(t) = X;|P <K,-h
(] max ixo %] ) " <

where X; is continuous-time extension of Xj.
e Lo-convergence if 2k\ > 30°;

e Alphonsi (2005, 2013);

a2 QAn Alen Darairh Nlariankirceh AanA Qsnriinhkh 1DON4 D)
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Approach 2: Approximation of transformed CIR
Projected square-root Euler method
Yor1 = Yot (Y M) h+ Y AWps;
n

Explicit scheme. Small values projected back up.
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Approach 2: Approximation of transformed CIR

Projected square-root Euler method
Yor1 = Yot (Y M) h+yAWp,1;
n

v, = max{h”“,Y,,}

Explicit scheme. Small values projected back up.
e xf > 502/2: Ly convergence of order 1;
e 1 > 302/2: Ly convergence of order 1/2;
e k> o°: L1 convergence of order

maxd 1.
6’2 2k0+4+02f"

e Chassagneux, Jacquier, and Mihaylov (2016).
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Approach 3: Truncated Milstein-type methods

Hefter & Hurzwurm (2018)

Ry

max {a\/At/Z, \/max{UQAt/4, Xn} + %A Wi 1 }

2
Xpi4 = max {Rf + At(kf — % — kX2), 0}

e Lp-convergence across all parameter values with rate

20" po2 [ °

e For p = 2, this gives rate (any fixed ¢ > 0)
e 1/4 —cwhen kf > 4052,
e kf/a? — e when k) < 402
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Some schemes with known convergence rates

Parameter
Scheme Norm Range Rate
Truncated
Milstein Lp no restriction le A ;‘;'ng —c
(2018)
Drift Implicit L
Square-Root pe [1PM K0 > (1V 3p)o? 1
Euler (2013) > 302
5,2 1
Projected L Hz < 02 1
Euler (2016) ! 0> 29 T
Fully Lp 3 o
Truncated (2020) | p e [2, 25 — 1) K> 50 172
Symmetrized L
Milstein (2018) P2 k0 > 302(2lp v 2] + 1) 1
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Construction of a splitting method
The transformed SDE

(07

av(0)= (i~ YD) o+ 1V, 1€ [t
has variation of constants form

t
Y(t) = e Y (t)+ / e A=) _Z_

t
ds+ / e 7= gW(s).
tn Y(s) v tn (s)
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Construction of a splitting method
The transformed SDE

av(0)= (i~ YD) o+ 1V, 1€ [t
has variation of constants form
t
Y(t) = e P-0 v (1)1 / ) B dt / A9 gw(s),
t th
The integral equation
t «
Z(t) = Z(tn) +/tn %ds, t c [tn, tn_|_1],
has solution

2(t) = \/2(tn)2 + 2a(t — ), 1 € [tn, toi1].
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Our method is equivalent to the Lie-Trotter composition of
the exact flows of the following subequations

vi(D) - (Y“l(t))”dt, Yi1(0) = v{!
YEI(t) = yaw(t), YB(0) = V{7,
YBI(1) = BY[3](t)dt YEl(0) = v,
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Construction of the splitting method
We propose the splitting approximation for Y:

Yot = e P8 <\/( Yn)? + 20ty g + A Wn+1>
The CIR approximation preserves a.s. non-negativity:

Xn+1 = (Yn+1 )2-
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Construction of the splitting method
We propose the splitting approximation for Y:

Yot = e P8 <\/( Yn)? + 20ty g + A Wn+1>
The CIR approximation preserves a.s. non-negativity:

Xn+1 = (Yn+1 )2-

Can this method work outside the Feller region?

e The SDE for Y fails at Y = 0: soft zero.
e If o < 0 (i.e. 4k < o) then must adapt the stepsize:

2
n
2|al’

Aty <
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Adaptivity in the mesh

Consider a mesh {0 =: ty, t;,...,ty := T} C [0, T].
Set Atn+1 = tn+1 — .

(Ft)t=0, the natural filtration of W, can be extended to
any F;-stopping time 7 by

Fr={BeF : Bn{r <t} eF}.

If each t, is an F;-stopping time, this allows us to
condition on F, at any point on the random time-set

{tn}neN-
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Adaptivity in the mesh

Consider a mesh {0 =: ty, t;,...,ty := T} C [0, T].
Set Atn+1 = tn+1 - tn.

(Ft)t=0, the natural filtration of W, can be extended to
any F;-stopping time 7 by

Fr={BeF : Bn{r <t} eF}.

If each t, is an F;-stopping time, this allows us to
condition on F, at any point on the random time-set

{tn}neN.
We need
o Aty 1 to be Fi,-measurable and N < ~o a.s.
¢ Maximum stepsize Afnax. No minimum stepsize.
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Strong convergence

Suppose 6 > o2 so that Feller's condition (2x6 > ¢2) holds.

On adaptive mesh we can prove successively:
@ Uniform moment bound for scheme interpolant;
@® Strong bound in L for error of cns extension of scheme;
@® Strong convergence in L, for linear interpolant of error.
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Strong convergence

Suppose k6 > o2 so that Feller's condition (2x6 > ¢2) holds.
On adaptive mesh we can prove successively:
@ Uniform moment bound for scheme interpolant;
@® Strong bound in L for error of cns extension of scheme;
@® Strong convergence in L, for linear interpolant of error.

Definition (Error interpolant)

En := X(ta) — Xn, and define (£2(t))eo, 7] Pathwise as

g2(s) .= 1 “Spa Sl

. S€[tyt1], as.
Atn+1 n Atn_|_1 n+1 [n n+1]
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Main result on strong convergence

Suppose 6 > o2 and {fy, ty, ..., ty} are selected so that
max Aty < Afpax < min < 1 1 1
noo = oma "k 4kl — K|+ 6K2 [

Then there exists a constant C < oo such that

max E[£2(1)] < CAt/2.
te[O,)7('] [E5(D)] < max

e Order 1/4 strong L,-convergence over a uniform mesh.
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Main result on strong convergence

Suppose 6 > o2 and {fy, ty, ..., ty} are selected so that
max Aty < Afpax < min < 1 1 1
noo = oma "k 4kl — K|+ 6K2 [

Then there exists a constant C < oo such that

max E[£2(1)] < CAt/2.
te[O,)7('] [E5(D)] < max

e Order 1/4 strong L,-convergence over a uniform mesh.
e Can reduce C if we choose (e.g.)

Atmax
1+ 3exp(—150X,)

Atn+1 =
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Extension of scheme outside Feller’s region

© When X, < X,er0, Use splitting scheme with

At,y1 = min {0.95%, Atmax}.

@® When X, < Xero switch off noise: u'(t) = k(6 — u(t)) has
solution

u(t) = e "= y(t,) + 6 (1 - e*"(’*t")> . t>
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Extension of scheme outside Feller’s region
© When X, < X,er0, Use splitting scheme with
At,y1 = min {0.95%, Atmax}.

@® When X, < Xero sWitch off noise: u'(t) = k(6 — u(t)) has
solution

u(t) = e "= y(t,) + 6 (1 - e*"(’*t")> . t>

9 Set Xzero = %U(tn + AZLma><)|u(tn):01 SO
Xero = 0(1 — @ "AMmax) /2,
As Almnax — 0, Xoero — 0.
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Extension of scheme outside Feller’s region

© When X, < X,er0, Use splitting scheme with
At,y1 = min {0.95%, Atmax}.

@® When X, < Xero sWitch off noise: u'(t) = k(6 — u(t)) has
solution

u(t) = e "= y(t,) + 6 (1 - e*"(’*t")> . t>

O Set Xeero := 3 U(tn + Atmax)|u(ty)—0> SO
Xeoro = 0(1 — @A) /2,
As Almnax — 0, Xoero — 0.
O When X, < X,er0 We use the timestep

1 Xzero —
Atn+1 - —E |Og (M)
n

so that X, 1 = Xzero-
@ Then turn noise back on. Local error is preserved.
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A numerical comparison of methods

We compare the numerical performance of the adaptive
splitting method to

¢ Truncated Milstein
¢ Fully truncated
e Drift-implicit square-root Euler
e Projected square-root Euler
outside of the limits of our strong convergence theorem.

Truncated Milstein known to converge strongly across all
parameter values: will be used as the reference solution.
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Key o values when xk = 2, 6 = 0.02

] Description \ o | Value |
Projected Euler limit rate 1/2
Limit of theory for o=+/2k0/3 | =~ 0.1633

Truncated Euler (rate 1/2)
Limit of theory for:
- Splitting (rate 1/4, p=1,2) -
- Drift Implicit (rate 1, p < 2) o =Vl 02
- Projected Euler (rate 1/6, p = 1)

Feller boundary oc=v2k0 | ~0.2828
a<0.
Adaptivity/Soft-Zero o> 2Vkf 0.4

required for splitting method
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Sample paths and adaptive steps: fine mesh
k=2,0=0.02,0=0.8, Atpax = 1075

02 Spliting/Adaptive
—— Fully Truncated
018 Projected
Milstein

0.16
0.14
0.12

0.1
0.08
0.06
0.04
002 | / ﬂ

0 . . " A
0 02 04 06 08 1 0 02 04 0.6 08 1
Time Time

(a) Sample paths (b) Adaptive timesteps



Numerical examples
[e]e]e] le]e]

Sample paths and adaptive steps: coarse mesh
R = 2, 0= 002, g = 08, Atmax == 10_2

04 i 102
—— Splitting/Adaptive
— Fully Truncated
035 Projected f
—— Milstein
03
0.25
10?8
02
104
I
\
Lo L
06 08 1 0 02 04 06 08 1

(a) Sample paths (b) Adaptive timesteps
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Decay in rates of convergence as o increases
k=2,0=0.02, 0 €[0,1]. 20 groups of M = 50 samples.
Feller ends at o ~ 0.28. o < 0 when ¢ > 0.4.

12 T T T T T 12 T T T T T
11 } —J— splitting/Adaptive 11k } —JF— Spiiting/Adaptive | |
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Numerical examples
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Convergence plots for L{ and L, strong error
k=2,0=0.02,0=0.3 M= 1000.

L1 Error
=)

-~ Spliting
104 -~ Fully Truncated
Projected
== Milstein
105 -- Adaptive Splitting
Implicit
Ref slope 0.5
Ref slope 0.25
10 -6 L i
10 10 10° 102 107!
Dtmean

10°
101 /
107?
10°
—F— spliting
10 —&— Fully Truncated
Projected
—&— Milstein
5 —E— Adapiive Spliting
10 Implicit
Ref slope 0.5
Ref slope 0.25
10—5 L L 1 Il
10° 10 10 102 10!
Dtmean

(b) Lo error




Final remarks
[ ]

CK and G. J. Lord, An adaptive splitting method for the Cox-Ingersoll-Ross
process, Applied Numerical Mathematics 186 (2023), pp. 252—273.

e We propose a numerical method for CIR based upon

e a square-root transformation;
e variation of constants solution of the linear drift part;
¢ exact solution of the nonlinear drift part.

e Strong Ly o-convergence can be shown for small noise;
e Error constants can be reduced by use of an adaptive mesh.

e Large noise case: extend by use of a (different) adaptive
mesh and the introduction of a “soft zero” region to capture
deterministic dynamics close to zero.

e Numerical results competitive in large noise case, theoretical
results needed.
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